Face enumeration on simplicial complexes

Steven Klee and Isabella Novik

1 Introduction

Let M be a closed triangulable manifold, and let A be a triangulation of M. What is
the smallest number of vertices that A can have? How big or small can the number
of edges of A be as a function of the number of vertices? More generally, what are
the possible face numbers (f-numbers, for short) that A can have? In other words,
what restrictions does the topology of M place on the possible f-numbers of trian-
gulations of M?

To make things even more interesting, we can add some combinatorial conditions
on the triangulations we are considering (e.g., flagness, balancedness, etc.) and ask
what additional restrictions these combinatorial conditions impose. While only a
few theorems in this area of combinatorics were known a couple of decades ago,
in the last ten years or so, the field simply exploded with new results and ideas.
Thus we feel that a survey paper is long overdue. As new theorems are being proved
while we are typing this chapter, and as we have only a limited number of pages, we
apologize in advance to our friends and colleagues, some of whose results will not
get mentioned here.

The paper is structured as follows. In Section 2 we recall basic definitions per-
taining to simplicial complexes. In Section 3 we review classical results on the f-
numbers of polytopes and spheres. In Section 4 we survey many recent results on
the f-vectors of triangulations of manifolds and pseudomanifolds. Section 5 is de-
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voted to the face numbers of flag and balanced complexes. Finally, in Section 6 we
discuss some of the tools and techniques used in the proofs.

2 Definitions

A simplicial complex A on a (finite) vertex set V = V(A) is a collection of subsets
of V(A) that is closed under inclusion. The elements F € A are called faces and
the maximal faces of A under inclusion are called facets. We say that A is pure
if all of its facets have the same cardinality. The dimension of a face F € A is
dim(F) = |F| — 1 and the dimension of A is dim(A) = max{dim(F) : F € A};
we refer to i-dimensional faces as i-faces. If A is a (d — 1)-dimensional simplicial
complex and k < d — 1, the k-skeleton of A is Skel(A) :={F € A : dim(F) <k}.
Although simplicial complexes are defined as purely combinatorial objects, each
simplicial complex A admits a geometric realization ||A|| that contains a geometric
i-simplex for each i-face of A. We typically do not distinguish between the com-
binatorial object A and the geometric object ||A|| and often say that A has certain
geometric or topological properties in addition to certain combinatorial properties.
Let A be a (d — 1)-dimensional simplicial complex. The main object of our study
is the f-vector of A, f(A) := (f-1(A), fo(A),..., fa—1(A)), where f; = f;(A) de-
notes the number of i-faces of A; the numbers f; are called the f-numbers of A.
For several algebraic reasons, it is often more natural to study a certain (in-
vertible) integer transformation of the f-vector called the h-vector of A, h(A) =
(ho(A),hi1(A),...,hy(A)); it is defined by the following polynomial relation:

d

d
Y hi(A)-11T = Y f(A)- (= 1),
=0

j=0
Thus, forall 0 < j <d,

hj(A) = ;)(—])j*i (j_;)ﬁ_l(A) and fi1(4)= io(i_{)hj(A)
i= =

In particular, knowing the f-numbers of A is equivalent to knowing its A-numbers.
Moreover, since the f-numbers are nonnegative integer combinations of the h-
numbers, any upper/lower bounds on the A-numbers of A automatically imply up-
per/lower bounds on the f-numbers of A.

The motivating question in this field of research is the following: given a topo-
logical manifold M, characterize the set of f- or h-vectors of simplicial complexes
A whose geometric realization is homeomorphic to M. This question is incredibly
difficult, and there are only a few manifolds for which this question is completely
answered. Instead, we relax the question in a number of ways.

Rather than study a manifold of given topological type, we study the family of
all manifold triangulations or even more relaxed families of triangulations. Second,
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rather than seek complete characterizations of the sets of f- or h-vectors of the sim-
plicial complexes in these families, we seek restrictions that can be placed on the
f- or h-vectors that connect the combinatorics of the triangulation to the underly-
ing topology of the simplicial complex. We begin by describing some families of
simplicial complexes that extend the notion of a manifold triangulation.

If A is a simplicial complex and F € A is a face, the local structure of A around
F is described by the (closed) star of F in A: sty (F):={G €A : FUG € A}.
Morally, when A triangulates a manifold, one should view the star of a face as the
closed ball of faces that surround that face (however, even for manifolds, the star of
a face need not be a topological ball). Similarly, the link of F in A is defined as

Ika(F) :={G esta(F) : FNG = 0}.

When F = {v} consists of a single vertex, we write Ik, (v) in place of Ik, ({v}).

If k is a field (or the ring of integers), the (reduced) Betti numbers of A are
Bi(A:K) := dimy H;(A;Kk). Here H;(—:k) stands for the i-th simplicial reduced ho-
mology computed with coefficients in k. The (reduced) Euler characteristic of A
is (A) =X o (= 1) fis1(A) = L) (—=1)'Bi(A; k). Below we denote by S/ and
B/ the j-dimensional sphere and ball, respectively.

On the one hand, we can relax the structure of a manifold triangulation (also
called a simplicial manifold) by studying the families of simplicial homology man-
ifolds and simplicial pseudomanifolds. A (d — 1)-dimensional simplicial complex
A is a k-homology sphere if H, (Iks (F):k) = H, (S*"FI=1.K) for all faces F € A
(including F = 0). Similarly, A is a k-homology manifold (without boundary) if
for all nonempty faces F € A, the link of F is a k-homology (d — |F| — 1)-sphere.

Homology manifolds with boundary are defined in an analogous way: a simpli-
cial complex A is a k-homology manifold with boundary if (1) the link of each
non-empty face F of A has the homology of either S¢~IFI=1 or B¢=IFI=1 and (2) the
set of all boundary faces, that is,

A = {F €A : H.(ky(F):k) = ﬁ*(md*\”*%k)} u{el,

is a k-homology (d — 2)-manifold without boundary.

Why do these definitions extend the definitions of manifold triangulations? Ap-
plications of the standard homology axioms (see [59, Lemma 3.3]) show that if
F € A is nonempty and p is a point in the relative interior of F, then H;(||A|], ||A| —
pik) = ﬁj_m(lkA (F);k). When ||A|| is a (d — 1)-manifold, H;(||A|],||Al| — p: k) is
nontrivial (and isomorphic to k) if and only if p is an interior point and j =d — 1.

A (d — 1)-dimensional simplicial complex A is a normal pseudomanifold if (1)
it is pure, (2) each (d —2)-face (or ridge) of A is contained in exactly two facets of
A, and (3) the link of each nonempty face of dimension at most d — 3 is connected. In
particular, every homology manifold without boundary is a normal pseudomanifold.

On the other hand, we can impose extra structure on our simplicial complexes
by studying the families of simplicial polytopes and piecewise linear (PL) manifold
triangulations. A d-polytope is the convex hull of a finite set of points in R¢ that
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affinely span R?. A d-polytope is simplicial if all of its (proper) faces are simplices.
While the boundary of any simplicial d-polytope is a simplicial (d — 1)-sphere, not
every simplicial sphere can be realized as the boundary of a polytope. In fact, for
d > 4, almost all simplicial (d — 1)-spheres are not polytopal, see [35, 76, 69].

One feature of a simplicial d-polytope is that all of its faces are realized linearly
in R?. A simplicial manifold A is a piecewise linear (PL) manifold if the link of
each nonempty face of A is PL-homeomorphic to a simplex or to the boundary of a
simplex of the appropriate dimension.

The canonical example of a simplicial complex that distinguishes all of these
definitions is the Poincaré 3-sphere. If A is a triangulation of the Poincaré 3-
sphere, then A is a Z-homology 3-sphere, but not a topological 3-sphere. Cannon
[15] showed that the double suspension of any Z-homology sphere is a topological
sphere, and hence X2(A), the double suspension of A, is a triangulation of S°. How-
ever, if e is an edge in £?(A) connecting suspension vertices, then lky2(p) (e)=Ais
not homeomorphic to S3. Therefore, £2(A) is not a PL manifold. This also shows
that the link of any face in a sphere triangulation has the homology of a sphere, but
need not be homeomorphic to a sphere.

Throughout this paper, A denotes a simplicial complex; often, it is a homology
manifold. Unless we say that A is a homology manifold with boundary, we assume
that dA = 0. Also, by the f- and h-numbers of a simplicial polytope P we mean the
f-and h-numbers of the boundary of P.

3 Classical results for polytopes and spheres

One of the first classical results on the structure of f-vectors of triangulations of
manifolds is known as Klee’s Dehn-Sommerville equations [41].

Theorem 1. [41] Let A be a (d — 1)-dimensional homology manifold (or more gen-
erally, any semi-Eulerian simplicial complex). Then

) [z ). prarosj<a

ha_j(A)— hj(A) = (‘1)j<1

Thus, the h-vector of a homology sphere is symmetric, and hence determined by
ho,hy, ..., h /2. For a (d — 1)-dimensional simplicial complex A, ho(A) = 1, while
ha(A) =Y4 o (=1)4fi1(A) = (—1)¢"'7(A). Hence the Dehn-Sommerville equa-
tions provide a vast generalization of the Euler-Poincaré formula.

Many early results in the study of face enumeration focused on the properties
of f-vectors of (simplicial) polytopes. A first natural question is to ask how large
or how small the f-numbers of a simplicial polytope could be as a function of its
dimension and number of vertices.

For the question of lower bounds, Barnette [7] showed that among all simplicial
d-polytopes with n vertices, stacked polytopes minimize the number of faces of
each dimension. A stacked d-polytope on n vertices, denoted ST (n,d), is defined
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inductively as follows. The polytope ST (d + 1,d) is a d-simplex. For n > d + 1,
ST (n,d) is constructed by gluing a d-simplex to ST (n — 1,d) along a common facet.

Theorem 2. (The Lower Bound Theorem) Let A be a (d — 1)-dimensional con-
nected homology manifold on n vertices with d > 3.

1. [7] Then hy(A) > hi(A). It follows that f;—1(A) > ST (n,d) for all .
2. [34] Moreover, if d > 4, then hy(A) = hi(A) if and only if A is the boundary
complex of a stacked d-polytope.

Part (2) of the Lower Bound Theorem is due to Kalai [34]; Kalai also found an
alternative proof of part (1). This theorem was later generalized to all normal pseu-
domanifolds by Fogelsanger [20] and Tay [89]. The condition that d > 4 in part (2)
of the Lower Bound Theorem is necessary since s = h; for all 2-spheres, but not
all 2-spheres are stacked (e.g., the boundary of the octahedron is not stacked).

For the question of upper bounds, McMullen [54] showed that the cyclic poly-
tope is a simplicial polytope with the maximal number of faces of each dimension.
A cyclic d-polytope on n vertices, denoted %;(n), is defined by taking the convex
hull of 7 distinct points on the moment curve ¢(t) := (¢,2,...,t4) C R,

Theorem 3. (The Upper Bound Theorem [54]) Let P be a simplicial d-polytope on
n vertices. Then hj(P) < hj(64(n)) for all j.

Stanley [80] extended the Upper Bound Theorem to all simplicial homology
spheres, and Novik [70] extended it to all odd-dimensional simplicial manifolds and
certain even-dimensional simplicial manifolds (see Section 4.2 for more details).

A complete characterization of h-vectors of simplicial polytopes was given in
the celebrated g-theorem of Stanley [82] (necessity), and Billera and Lee [10] (suf-
ficiency).

Theorem 4. (The g-theorem [82, 10]) A vector h = (hg,hy,...,hg) € Z4" is the
h-vector of a simplicial d-polytope if and only if

1. hj=hy_;forall j,
22.1=hy < §~~~§htd/zj,and
3. the numbers (go,g1,- - - ,ngj), where g := hj—hj_1, form an M-sequence.

See Section 6.1 for the definition of an M-sequence. The g-theorem shows not
only that the A-numbers of a simplicial polytope are unimodal, but also that their
rate of growth is bounded. We also mention that Lee’s interpretation [47] of Kalai’s
proof of the Lower Bound Theorem implies that the portion (go(A),g1(A),g2(4))
of the g-vector is an M-sequence for any connected normal pseudomanifold A.

The unimodality of the A-numbers of simplicial polytopes, together with the
treatment of the cases of equality, is given by the Generalized Lower Bound Theo-
rem (GLBT, for short):

Theorem 5. (The GLBT [57, 82, 65]) Let P be a simplicial d-polytope. Then
1. hy(P)<m(P)<--- < h{d/Zj (P), and
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2. hy(P) = hy—1(P) for some r < |d /2] if and only if P is (r — 1)-stacked.

A simplicial d-polytope P is called (r — 1)-stacked if there exists a triangulation, A,
of P such that A = JP and Skel,_,(A) = Skely_,(P). In other words, A extends
the triangulation of the boundary of P to the interior of P without introducing any
interior faces of dimension < d —r. When r = 2, this says that P admits a triangu-
lation with all interior faces having dimension d — 1 or d. This is precisely what it
means for P to be stacked in the sense of the Lower Bound Theorem (Theorem 2).

4 Face enumeration for manifolds

In this section, we discuss extensions of the results from Section 3 from spheres and
polytopes to arbitrary manifolds, both with and without boundary. Here we focus on
presenting as many results as possible; the tools and techniques that are used will be
presented later in the paper.

4.1 Modified h-numbers and the manifold g-conjecture

The Dehn-Sommerville equations (Theorem 1) and the Generalized Lower Bound
Theorem (Theorem 5) show that the 2-numbers of a simplicial polytope are symmet-
ric, nonnegative, and unimodal. In contrast, the A-numbers of a simplicial manifold
need not have any of these properties — in particular, they may be negative. For this
reason, we modify the definition of the A-numbers in the following way.

Definition 1. Let A be a (d — 1)-dimensional simplicial complex and k a field. The
h"-numbers of A are defined as

hy(A):{hj(AH?) o=V B4k if0<j<d
Ba-1(A:k) if j=d.

Note that if A is a k-homology sphere, then #7(A) = h;(A) for all j. The fol-
lowing result, which generalizes the Dehn-Sommerville equations and provides ev-
idence towards a manifold g-theorem, further indicates that the 4”-numbers are the
“correct” generalization of the h-numbers for manifolds.

Theorem 6. Let A be a (d — 1)-dimensional connected, orientable, k-homology
manifold. Then

1. ([70, Lemma 5.1]) h’j’(A) = hgfj(A)for all0< j<d.

2. ([74, Theorem 3.5]) h}’(A) >0forall0< j<d.

3. ([73, Theorem 3.2], [87, Theorem 2.4]) If all but (at most) d + 1 of the vertex
links in A have the weak Lefschetz property over Kk, then
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a. hy(A) <h{(A)<--- < h/[/d/zj (A) and
d/2
b. the numbers (g7(A) := hj(A) =1}, (A))JL:/O I Jorm an M-sequence.

See Section 6.2 for the basics on the weak Lefschetz property (WLP, for short).
Specifically, Theorem 27 below asserts that the boundary of any simplicial polytope
has the WLP over Q. Thus, part (3) of Theorem 6 applies if k = Q and most of
vertex links of A are polytopal.

If A is disconnected with connected components Ay, ..., Ay, it is easy to show that
ho(A) = 1 and 1j(A) = X W}(A;) for 1 < j < d. Therefore parts (2) and (3) of
Theorem 6 continue to hold for disconnected manifolds, and part (1) holds as long
as 0 < j < d. Further, part (2) of Theorem 6 continues to hold for non-orientable
manifolds and manifolds with boundary.

The celebrated g-conjecture for spheres posits that the conditions of the g-
theorem (Theorem 4) hold for all simplicial (homology) spheres. Kalai proposed
a far-reaching generalization of this conjecture: he conjectured that part (3) of The-
orem 6 continues to hold for all orientable, k-homology manifolds. We refer to this
latter conjecture as the manifold g-conjecture.

Part (3) of Theorem 6 shows that if k-homology spheres have the WLP, then
the manifold g-conjecture also holds. In general, very little is known about either
version of the g-conjecture. Kubitzke and Nevo [44], building on work of Brenti
and Welker [13], proved that the barycentric subdivision of a simplicial homol-
ogy sphere satisfies the g-conjecture for spheres. Murai [62] extended this result
to show that the barycentric subdivision of a simplicial homology manifold satisfies
the manifold g-conjecture. Some other classes of spheres for which the g-conjecture
is known to hold include spheres with few vertices or few edges [87, Theorem 4.1],
as well as k-homology spheres that can be obtained from any k-homology sphere
with the WLP by certain (in fact, most) bistellar flips [87, Theorem 3.1, Theorem
3.2]. We refer our readers to Swartz’s recent survey paper [87] for the state-of-the-art
on the g-conjectures.

4.2 The Upper Bound Theorem for Manifolds

In 1957, Motzkin proposed the Upper Bound Conjecture (UBC), which states that a
cyclic d-polytope on n vertices has the componentwise maximal f-vector among all
d-polytopes on n vertices. We use %;(n) to denote a cyclic d-polytope on n vertices.
Since a small perturbation of the vertices of a polytope will (1) result in a simplicial
polytope and (2) only increase the number of faces, it suffices to verify Motzkin’s
conjecture for simplicial polytopes.

In 1964, V. Klee [42] extended the UBC, proposing that it continues to hold for all
Eulerian simplicial complexes; i.e, those simplicial complexes A with the property
that ¥ (ks (F)) = (—1)?~IFI=1 for all F € A (including the empty face). Moreover,
he proved the UBC for all Eulerian complexes with sufficiently many vertices.
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McMullen [54] proved the UBC for polytopes in 1970, and Stanley [80] proved
the UBC for all simplicial homology spheres in 1975'. Novik [70] extended these
results further to homology manifolds that are also Eulerian simplicial complexes.

Theorem 7. Let A be an orientable K-homology manifold of dimension d — 1 with
n vertices. If either

1. ([70, Theorem 1.4]) d — 1 is odd, or
2. ([70, Theorem 1.5], [71, Theorem 5.3]) d — 1 = 2k is even and

k=3

Be(A:K) <2Bi—1+2) Bi(A:k), (1)
i=0

then hj(A) < hj(€4(n)) for all j. In particular, fi_1(A) < fi—1(€4(n)) for all i.

Therefore, the Upper Bound Theorem (Theorem 3) continues to hold for all
simplicial odd-dimensional manifolds and for any even-dimensional manifolds for
which (1) holds over Z/27Z. When dim(A) = 2k is even, (1) is satisfied by all k-
homology manifolds for which either B (A;k) =0 or (—1)¥(x(A) —1) <0.

It is worth adding that the “in particular” part (i.e., the statement on f-vectors)
of Theorem 7 was extended to all odd-dimensional Eulerian pseudomanifolds with
isolated singularities in [29]; moreover, Novik and Swartz [75], proved the UBT for
all Eulerian pseudomanifolds with so-called homologically isolated singularities as
long as n > 3d — 4. However, Klee’s conjecture [42] that the UBC holds for all
Eulerian complexes remains wide open.

4.3 Kiihnel’s conjectures

By Poincaré duality, the Euler characteristic of any odd-dimensional simplicial
manifold is equal to zero. Motivated by the UBT, Kiihnel [45] conjectured an up-
per bound on the Euler characteristic of even-dimensional PL. manifolds. He also
proved this conjecture for all such manifolds with sufficiently many vertices (see
[46, p. 66]). Novik [70] verified Kiihnel’s conjecture for all 2k-dimensional simpli-
cial manifolds with n > 4k + 3 or n < 3k + 3 vertices, and Novik and Swartz [74]
proved the conjecture in full generality:

Theorem 8. [74, Theorem 4.4] Let A be a 2k-dimensional orientable k-homology
manifold with n vertices. Then

o (N a0 ().

Moreover, equality holds if and only if A is (k+ 1)-neighborly.

! We further refer to Stanley’s recent article [84] which gives his personal account of how he came
to the proof of the Upper Bound Theorem.
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A simplicial complex A is s-neighborly if every s-vertex subset of V(A) is a face
of A. For instance, the cyclic polytope % (n) is |d/2]-neighborly.

Kiihnel also conjectured upper bounds on the individual Betti numbers; these
conjectures are recorded in [49, Conjecture 18]. To this end, Murai [63] showed:

Theorem 9. Let A be a (d — 1)-dimensional k-homology manifold with n vertices.

1. [63, Theorem 5.1] Ifd = 2k+ 1, then (%) Br(Ask) < (".X)?).

2. [63, Theorem 5.2] If all vertex links of A are polytopal, then

d+1 n—d+j—1 i
(A;Q) < . orall0 < j<|d/2]—1. 2
((T)p@@s (") prao<i<iapi-n @
The same result, but restricted to the class of orientable homology manifolds,
was proved in [72].
Note that if B;(A;Q) # 0, then equation (2) implies that

d+1 —d+j—1

,+ < " ,—H ,henced+1<n—d+j—1,andson>2d+2—j.
J+1 Jj+1

In fact, for PL-manifolds, Brehm and Kiihnel [12] proved the following stronger

result: if n = 2d + 1 — j, then the homotopy groups m(A), 7 (A),...,7;(A) are all

trivial. Their proof relies on PL Morse theory.

4.4 The Lower Bound Theorem for manifolds

According to the Lower Bound Theorem (Theorem 2), any connected homology
manifold (or even a normal pseudomanifold) A of dimension d — 1 > 2 satisfies
g2(A) > 0. In an effort to understand how the topology of ||A|| affects the combi-
natorics of A, Kalai [34] conjectured that for manifolds of dimension d — 1 > 3 this
inequality can be strengthened to g2(A) > (“1') i (A;k).

Theorem 10. [63, Theorem 5.3] Let A be a normal pseudomanifold of dimension
d—12>3. Then

1. g2(A) > (37) (Bi(A:k) — Bo(4:K)).
2. Moreover, equality holds if and only if A is a stacked simplicial manifold.

Note that Theorem 10 strengthens part (2) of Theorem 9 in the case that j = 1.
Theorem 10 is also due to Murai [63]. In the special case that A is an orientable
k-homology manifold, part (1) of this result, along with the d > 5 case of part (2),
was proved in [74, Theorem 5.2]. The case of equality for 3-dimensional homology
manifolds (both orientable and non-orientable) is due to Bagchi [5].

We will discuss stacked manifolds, and more generally, r-stacked manifolds
in Section 4.7. For now, it suffices to say that stacked manifolds form a natural
generalization of stacked spheres — the boundary complexes of stacked polytopes.
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In particular, for d > 5, a (d — 1)-dimensional simplicial manifold is stacked if and
only if all its vertex links are stacked spheres.

4.5 The c- and L-vectors

Bagchi and Datta [6, 5], motivated by Morse theory (see [6, Remark 2.11]), in-
troduced the notion of p-numbers. The following definition is Murai’s [63] slight
modification of their original definition. Denote by Ay the subcomplex of A induced
by vertices in W C V(A) and recall that Bp({0}; k) = 0, while B_; ({0};k) = 1.

Definition 2. Let A be a (d — 1)-dimensional simplicial complex and k a field. The
o- and p-vectors of A, (6_1,00,...,04—1) and (Uo,...,Us—1), are defined by

oAk = Y PAK) k) = Y St ke (0):K)
cj = 0j(Ask) .—Wzg"v j('“;/') and uj = p;(A;K) ._Vg’/]{)(lkA(v))Jrl'

A few remarks are in order. First, note that the y-numbers are rational, but not
necessarily integer numbers. An important property of the p-numbers is that they
satisfy the following inequalities, just as the usual Morse numbers do:

Theorem 11. [5] Let A be any simplicial complex. Then for all j,
1 pj(Ask) > Bj(A:K) if j > 0, and pio(A;K) > Bo(A:K) + 1.
2. Vo1 M (Ask) > o (= 1) *Bi(Ask) + (—1)/.

Murai [63] used Hochster’s formula to interpret the g -numbers of A in terms of
the graded Betti numbers of the Stanley-Reisner ring of A (see Section 6.7 for more
details on the graded Betti numbers). He then used this interpretation, along with
some recent results from commutative algebra, to prove Theorems 9 and 10. In fact,
his proofs show that these two theorems continue to hold even if one replaces the
Betti numbers of A with the y-numbers of A. Specifically, one obtains the following
strengthening of Theorem 10.

Theorem 12. Let A be a normal pseudomanifold of dimension d — 1 > 3. Then
2(A) > (31) (1 (Ask) — po(Ask) +1).

One of Kalai’s long-standing conjectures posits that for any connected homology
manifold A of dimension d — 1, g2(A)/ (d"zH) is at least as large as the minimum
number of generators of the fundamental group of A. Currently, the only progress
on this conjecture is a result of Klee [38] stating that if A is balanced (see Section
5.1 for a definition), then >(A) > (2)m(A), where m(A) is the minimum number
of generators of 7; (A). Kalai’s conjecture along with Theorem 12 prompted Swartz
[88] to ask if p; (A) provides a lower bound for the number of generators of 71 (A).
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4.6 Stronger manifold g-conjectures

In view of Theorem 10, it is natural to define the following invariants for r < |d/2]:

d+1
r

g(4) == gr(A)_( ) ] (=1)"/B;-1(A:Kk); equivalently,
=1

5(8) = @) @) - 4))poam.

In particular, g,(A) < g/ (A). The following strengthening of part (3) of Theorem 6
holds. See Section 6.2 for the basics on the weak Lefschetz property.

Theorem 13. Let A be an orientable (d — 1)-dimensional, k-homology manifold
and assume that all vertex links of A have the WLP over k. Then

1. The numbers g.(A) are nonnegative for all r < d /2.
2. Moreover, (80(A),81(A),..-,8|a/2/(A)) is an M-sequence.

A straightforward computation shows that if A is disconnected, then for r # 0,
8r(A) equals the sum of the g,-numbers of the connected components of A, while
go(A) = 1. Hence the above statement for disconnected manifolds follows easily
from the connected case. In the connected case, part (1) of Theorem 13 is implicit
in [74, Eq. (9)], and part (2) is due to Murai and Nevo [66, Theorem 5.4].

Bagchi [5, Conjecture 2] proposed the following strengthening of part (1) of
Theorem 13 and proved it for the case of d = 4:

Conjecture 1. Let A be a (d — 1)-dimensional k-homology manifold. Then

gr(4) = (dtl)

Note that Theorem 12 proves the r = 2 case of this conjecture even for nor-
mal pseudomanifolds. Presently, this conjecture is wide open for r > 2, as is a
weaker version of the conjecture positing that if A is any k-homology manifold,
then g,(A) > 0 forall r < d/2.

()" + Y (1)1 (Ak) | forallr <d/2.
=1

4.7 r-stacked manifolds and the cases of equality

In the previous sections we discussed many inequalities on the f-numbers of man-
ifolds. The next natural question is whether these inequalities are sharp, and if so,
when equality is achieved. To provide the answers we need to let manifolds with
boundary enter the scene.

Definition 3. Let 0 < r < d — 1 be an integer.
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1. A d-dimensional k-homology manifold with boundary A is r-stacked if it has no
interior faces of dimension < d —r — 1, that is, Skel,;_,_1(A) = Skely_,_1(dA).

2. A (d — 1)-dimensional k-homology manifold without boundary is r-stacked if it
is the boundary of an r-stacked k-homology d-manifold with boundary.

3. A k-homology manifold without boundary is locally r-stacked if all of its vertex
links are r-stacked.

The 0-stacked manifolds are precisely the (boundaries of) simplices; 1-stacked
manifolds are also known as stacked manifolds. The family of r-stacked manifolds
was introduced in [66] as a natural generalization of the family of r-stacked poly-
topes (mentioned at the end of Section 3). It is easy to see that being r-stacked
implies being locally r-stacked. In fact, for small r, these two notions are equiva-
lent:

Theorem 14. [66, Theorem 4.6] For 1 < r < d/2, a k-homology (d — 1)-manifold
without boundary is (r — 1)-stacked if and only if it is locally (r — 1)-stacked.

Below we summarize several results on the cases of equality. The first two are
due to Murai and Nevo [66], and the last one is due to Bagchi [5].

Theorem 15. [66, Theorem 3.1] Let 1 <r <d, and let A be a k-homology (d — 1)-
manifold with boundary. Then h)!(A) = 0 if and only if A is (r — 1)-stacked.

Theorem 16. [66, Corollary 5.8] Let 1 <r < d/2, and let A be a k-homology (d —
1)-manifold without boundary. If all vertex links of A have the WLP, then g,(A) =0
if and only if A is (r — 1)-stacked.

If d = 2k, does gi(A) = 0 imply that A is (k— 1)-stacked?

Theorem 17. [5, Theorem 1.11] Let 1 < r < d/2 and let A be a locally (r — 1)-
stacked K-homology (d — 1)-manifold without boundary. Then

8r(A) = (djl)

Bagchi [5] also conjectured that the converse holds, namely, if Equation (3) is
satisfied as equality, then A is locally (r — 1)-stacked; he verified this conjecture for
3-dimensional homology manifolds.

Modulo the results mentioned in this section, the next natural question is whether
r-stacked manifolds exist. The 1-stacked manifolds without boundary (of dimension
> 2) are precisely the elements of the Walkup’s class introduced in [90] (see also
[18]). Each such manifold is obtained by starting with several disjoint boundary
complexes of the d-simplex and repeatedly forming connected sums and/or handle
additions. Similarly, each 1-stacked manifold with boundary (of dimension > 2) is
obtained by starting with a number of d-simplices and repeatedly forming connected
unions and/or handle additions; see [18] for more details. Therefore, all 1-stacked
manifolds without boundary are spheres or connected sums of sphere bundles over
S'. An analogous statement holds for 1-stacked manifolds with boundary.

=D+ i(—l)”juj_l(A;k) . ©)
j=1
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A construction of r-stacked manifolds with or without boundary for all r and d is
due to Klee and Novik [39]. Specifically, for each pair 0 <r <d —1, they construct a
certain d-manifold with boundary, B(r,d + 1), that is r-stacked and whose boundary
triangulates S” x SY~!=". The construction of B(r,d + 1) is so simple that we sketch
it here. The vertex setis X UY, where X = {x1,...,x411 }and Y ={yy,...,y441},and
the facets of B(r,d + 1) are all (d + 1)-subsets of X LY of the form {z,...,z441},
where z; € {x;,y;} and the number of indices k such that z; and z;; were drawn
from different sides does not exceed r.

As we saw above, being 1-stacked imposes severe restrictions on the topology of
the underlying manifold. More generally, Swartz [87] proved the following:

Theorem 18. [87, Section 6] If A is an r-stacked PL manifold with boundary, then
A has a handle decomposition consisting of handles of index < r.

Swartz [87] also asked if every PL d-manifold with boundary which has a handle
decomposition using only handles of index < r admits an r-stacked triangulation.
While the answer is yes for » = 0,1,d — 1, for all other values of r this question is
wide open. We refer to [9, Section 1.6] for the definition and discussion of some
properties of handle decompositions.

Similarly, Swartz observed (personal communication) that under the assumptions
that (1) Theorem 16 continues to hold for the middle g-number of odd-dimensional
manifolds and (2) all PL spheres have the WLP, the following result would also hold:
if2<r<d/2and A is a PL (d — 1)-manifold without boundary with g.(A) =0,
then A has a surgery presentation with surgeries of index at most r — 2.

4.8 The Dehn-Sommerville equations for manifolds with boundary

Are there analogs of Dehn-Sommerville equations for manifolds with boundary? To
this end, Gribe [26] (see also [72, Theorem 3.1]) established the following result.

Theorem 19. [26] Let A be a k-homology (d — 1)-manifold with boundary. Then

ha—i(A) —hi(A) = <Cf) (=17 (A) = gi(dA)  forall 0<i<d.

In particular, if A is a k-homology ball, then hi(A) — hy_;(A) = gi(dA).

In fact, versions of the same result but in the f-vector form go back at least to
Macdonald [53]. The above result, along with known inequalities on the A-numbers
of manifolds with boundary (such as the fact that 4 > 0 for all i), may lead to a “cor-
rect” version of the #”-numbers for manifolds with boundary. One such definition
was proposed in [72, Definition 3.3].
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4.9 The Lower Bound Theorem for manifolds with boundary

What inequalities do the f-vectors of manifolds with boundary satisfy in addition
to the non-negativity of 4”-numbers? Not much is known at present. One existing
result is an analog of the Lower Bound Theorem. In the following, we use f;(A) :=
Jfo(A) — fo(dA) to denote the number of interior vertices of A.

Theorem 20. Let A be a connected (d — 1)-dimensional k-homology manifold with
boundary.

1 Ifd > 5, then hy(A) > f5(A) + (9) B1(9A;k) +dPo(9A;K).
2. Ifd =4 and chark = 2, then hy(A) > f5(A) +3B1(dA;K) +4Po(dA: k).

Theorem 20 provides a strengthening of Kalai’s result [34, Theorem 1.3] assert-
ing that connected manifolds with boundary satisfy />(A) > f5(A). Theorem 20
with an additional assumption that A has an orientable boundary was proved in [72,
Theorem 5.1]. However, the orientability assumption was only needed when d > 5
to invoke the inequality g,(dA) > (‘zi) (B1(dA;k) — By(dA;k)) of Theorem 10. As
Theorem 10 has since been established for non-orientable manifolds of dimension
> 3, this additional assumption is no longer required. All 2-dimensional homology
manifolds without boundary are disjoint unions of closed surfaces; hence using the
field of characteristic two in part (2) of the theorem maximizes the relevant Betti
numbers.

Theorem 20 is optimal (see discussion at the end of Section 5 in [72]). Thus the
next question to address is the case of equality. A conjecture to this end was pro-
posed in [72, Conjecture 5.7]. However, there are counterexamples to this conjecture
that will be discussed in some future paper, and the question of when equality holds
remains wide open.

Are there any lower bounds on the higher z-numbers of manifolds with boundary
that are analogous to those in Theorem 20? At the moment we do not have even
conjectural answers to this question.

4.10 Characterizing f-vectors of manifolds

At present we have only a conjectural characterization of the f-vectors of simplicial
spheres of dimension five and above. As such, it would be overly optimistic to hope
for a complete characterization of the f-vectors of other manifolds of higher dimen-
sions. However, in dimensions up to four, complete characterizations are available
for a few manifolds. These manifolds are the topic of this subsection.

For 2-manifolds, it follows from the Dehn-Sommerville equations that the entire
f-vector is determined by the number of vertices and the Euler characteristic of a
manifold in question. The f-vectors of all (closed) 2-manifolds were characterized
by Ringel [78] for non-orientable manifolds and by Jungerman and Ringel [32] for
orientable manifolds.
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In dimension three, Walkup [90] characterized all possible f-vectors of S3, RP3,
S? x S, and S?XS!, the non-orientable S2-bundle over S! . Moreover, Lutz, Su-
lanke, and Swartz [51] determined possible f-vectors of 20 additional 3-manifolds,
namely, (S x S1)* and (S>xS")# for k € {2,3,...,8,10,11,14}.

In dimension four, Walkup [90] characterized all possible f-vectors of S*, while
Swartz [86] characterized all possible f-vectors of CP?, (82 X Sz)#z, S? x S!, and
K3-surfaces. The case of the non-orientable S3-bundle over S' was added in [17].

By the Dehn-Sommerville equations, if M is a manifold of dimension 3 or 4
and A is a triangulation of M, then g;(A) and g2(A) determine the entire f-vector
of A. Since, in addition, (1,g;,g2) must form an M-sequence, it is perhaps not so
surprising that all known characterizations of the f-vectors for 3- and 4-dimensional
manifolds are of the form a < g;, b < g; < (%1 1).

What can be said about characterizing possible f-vectors of triangulations of
manifolds with boundary? Here the situation seems even more hopeless: at present
there is not even a conjecture for characterizing the set of f-vectors of balls of
dimension six and above, see [43].

It follows from the g-conjecture for spheres and Theorem 19 that if A is a sim-
plicial ball with h-vector (ho, k1, ..., hq—1,hq), then (ho —ha,hy —ha—1,-. . hjgp) —
h(d /ﬂ) is an M-sequence, and moreover, so is

(ho—hd+k,h1 —]’ldJrk,l,...,hm—hdJrk,m) Vk=0,1,...,d+1,m= I_(d+k— 1)/2J,
“)
where we take h; = 0 if i > d. Billera and Lee [10] conjectured that these condi-
tions are also sufficient. In other words, they conjectured that every non-negative
integer vector (ho,...,hs—1,hy) with the property that all difference vectors as in
Equation (4) are M-sequences provides the A-vector of a simplicial ball. While Lee
and Schmidt [48] confirmed this conjecture in dimensions three and four, Kolins
[43] disproved it in dimensions five and higher.
In fact, at present there is not even a conjecture to characterize the f-vectors of
any manifold with boundary in dimensions six and above.

5 Manifolds with additional structure

In this section we discuss two combinatorial conditions that can be imposed on a
simplicial complex and explore the ways in which these conditions affect the f- or A-
vectors of the resulting complexes. While these two families of simplicial complexes
seem very different on the surface, the sets of f- and h-vectors arising from them
are surprisingly similar and oftentimes directly related.
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5.1 Balanced complexes

Definition 4. A (d — 1)-dimensional simplicial complex A is balanced if its 1-
skeleton (viewed as a graph) admits a proper d-coloring.

Since the graph of a (d — 1)-simplex is the complete graph on d vertices, bal-
anced complexes are the (d — 1)-dimensional complexes with the smallest possible
chromatic number.

The family of balanced simplicial complexes was introduced by Stanley [81]. In
that paper what we will call balanced complexes are called completely balanced
simplicial complexes, as he allows more general colorings in which every facet
could have, for example, two blue vertices, one green vertex, and three red vertices.

The canonical example of a balanced simplicial complex is the barycentric sub-
division of a simplicial complex (or a regular CW complex), A, which is denoted as
Sd(A). The vertices of Sd(A) correspond to the faces of A, and the faces of Sd(A)
correspond to chains of nonempty faces in A under inclusion. The barycentric subdi-
vision of A is balanced by assigning color k to a vertex in Sd(A) if its corresponding
face in A has cardinality k.

5.1.1 Upper bounds for balanced complexes

In general the h-vector of a sphere or ball is an M-sequence, meaning there is a
family of monomials, closed under divisibility, with /; monomials of degree j for
all j (see Section 6.1 for further details). The following result imposes stronger
restrictions on the 4”-vectors of balanced manifolds.

Theorem 21. Let A be a balanced manifold, with or without boundary. Then there
exists a simplicial complex I such that K" (A) = f(I").

In particular, it follows that for a balanced manifold, there is a family of square-
free monomials, closed under divisibility, with h’j’ monomials of degree j for all j.

Recall that if A is a simplicial (homology) sphere or ball, then 2”(A) = h(A). In
that case, Theorem 21 is due to Stanley [81, Corollary 4.5]. For manifolds, Babson
and Novik [4, Theorem 6.6] proved a weaker statement than the one in Theorem 21.
However, the ideas of their proof, combined with the proof of [74, Theorem 4.6],
imply Theorem 21.

In view of the above result, it is natural to extend Kalai’s manifold g-conjecture
for balanced manifolds in the following way.

Conjecture 2. Let A be a balanced, orientable k-homology manifold without bound-
ary. Then (g7(4) := hj(A) —h]_, (A))]Li/()2J is the f-vector of a simplicial complex.

Murai [62, Theorem 1.3] proved this conjecture in the specific case that A arises
as the barycentric subdivision of a homology manifold with or without boundary.

It is also natural to ask if there is a balanced analog of the cyclic polytope; i.e.,
a balanced simplicial sphere with the componentwise maximal f- or h-numbers
among all balanced spheres with a given dimension and number of vertices.
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5.1.2 Lower bounds for balanced bomplexes

The following result extends the Lower Bound Theorem to balanced simplicial com-
plexes.

Theorem 22. Let A be a balanced, connected normal pseudomanifold of dimension
d— 1 withd > 3. Then
2hy(A) > (d —1)hi(A). )

Moreover, when d > 4, equality holds in Equation (5) if and only if A is a stacked
cross-polytopal sphere.

Recall that a stacked (d — 1)-sphere can be defined by taking the connected sum
of several disjoint copies of the boundary of a d-simplex. Such spheres are never
balanced as the graph of a d-simplex is the complete graph on d + 1 vertices. Instead,
a stacked cross-polytopal sphere is defined by taking the connected sum of several
disjoint copies of the boundary of a d-dimensional cross-polytope. The boundary of
a d-dimensional cross-polytope is balanced, and so when taking connected sums,
vertices of the same color are identified in order to preserve the balanced condition.
We refer to this operation as the balanced connected sum.

The inequality (5) was proved for balanced spheres by Goff, Klee, and Novik
[23, Theorem 5.3] and for balanced manifolds by Browder and Klee [14, Theorem
4.1]. Klee and Novik extended the inequality to the family of balanced normal pseu-
domanifolds [40, Theorem 3.4] and treated the case of equality [40, Theorem 4.1].

The following conjecture seems to be a natural extension of Theorem 10.

Conjecture 3. ([40, Conjecture 3.8]) Let A be a balanced normal pseudomanifold
of dimension d — 1 > 3. Then

21(a) - (@ Din(a) = 4(5) (B (4K) - B(aik).

The case of equality in this conjecture can be achieved by the complexes in
the balanced analog of the Walkup class; that is, the family of complexes de-
fined by beginning with disjoint copies of the boundary of the d-dimensional
cross-polytope, then applying the operations of balanced connected sums and bal-
anced handle additions. At the moment, we only know that if f8;(4;Q) # 0, then
2hy(A) — (d — 1)1 (A) +4(2)Bo(4) > 4(4) (see [40, Theorem 3.9]).

The inequality (5) is equivalent to the inequality (T)hz A) > (g)hl(A). This
leads to the following balanced version of the Generalized Lower Bound Conjec-
ture.

Conjecture 4. (Balanced GLBC [40, Conjecture 5.6]) Let A be a balanced d-
polytope (or more generally, a balanced k-homology (d — 1)-sphere). Then

_ ho(A) < h](A)

o — O

m(4) _ h[d/ZJ(A).

1 @ =TT

< (6)
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Very recently, Juhnke-Kubitzke and Murai [31] established the inequalities (6)
for all balanced polytopes. Klee and Novik also proposed a treatment of the case of
equality at any step of (6), but it requires additional terminology that we do not wish
to introduce here. See [40, Section 5.2] for further details.

5.2 Flag complexes

Definition 5. Let A be a simplicial complex. A subset S C V(A) is a missing face
inAifS¢ AbutT € A for all proper subsets T C S. We say that A is flag if all of
its missing faces have cardinality 2.

A flag simplicial complex is completely determined by its graph: F C V(A) spans
a face in A if and only if all pairs of vertices in F' are connected by edges. For
this reason, flag simplicial complexes are also called clique complexes of graphs
(or dually, independence complexes of graphs). The barycentric subdivision of a
simplicial complex is another canonical example of a flag complex.

The h-vector of a simplicial sphere is palindromic by the Dehn-Sommerville
equations. Therefore, it is natural to expand the s-polynomial of a simplicial sphere
in a symmetric polynomial basis as

d o ld2] . .
Y Ay =Y p(A)-f(141)" 2
j=0 i=0
The coefficients ¥, 1, .., ¥4/2) are called the y-numbers of A. The y-numbers are

weighted alternating sums of the h-numbers; in particular, they are integers.

5.2.1 Lower bounds for flag complexes

Gal [22] conjectured the following strengthening of the Generalized Lower Bound
Conjecture to the class of flag homology spheres.

Conjecture 5. (Gal’s Conjecture [22, Conjecture 2.1.7]) If A is a flag homology
sphere, then ¥;(A) > 0 for all .

In the case that i = [d/2], this conjecture is originally due to Charney and Davis
[16]. In the language of h-vectors, their conjecture states that if A is a flag homology
sphere of dimension 2k — 1, then

2%
(=D Y (=1)/h(a) > 0.
=0

In the even-dimensional case, the sum on the left-hand side of the above inequality
always equals zero by the Dehn-Sommerville equations.
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Presently, Gal’s conjecture is known to hold for all flag Q-homology 3-spheres
[19] and also for barycentric subdivisions of regular CW spheres [37].

If Gal’s conjecture is true, then the inequalities of Equation (6) (the balanced
GLBC inequality) continue to hold for flag homology spheres as follows. Proving
the balanced GLBC is equivalent to verifying that j-h;j(A) > (d — j+1)-hj_1(A)
forall j < |d/2]. And, indeed,

Jj Y j—1 —2
j.hj(A) = ;)%(A).j. <d]_21> > ;)%(A)-j~ (d]_zl) (sinceyj >0)
i , d—2i ,
> izzoyl-m»(dﬁl)(j_l_i) (1) by (A).

The final inequality uses the fact that j(‘lj.i%i) >(d—j+1)( j“{_ﬁil) for j < |d/2].
Thus the following conjecture of Nevo (personal communication) may be viewed

as a relaxation of Gal’s conjecture.

Conjecture 6. The cone generated by the set of h-vectors of balanced d-polytopes
(or balanced homology (d — 1)-spheres) contains the cone generated by the set of
h-vectors of flag d-polytopes (or flag homology (d — 1)-spheres).

At present, this conjecture is completely open, even in the polytopal case.

5.2.2 Attempting to characterize f-vectors of flag complexes

While Gal’s conjecture can be viewed as a flag analog of the GLBC, the following
increasingly strong conjectures of Nevo and Petersen [67] can be viewed as flag
analogs of the necessity part of the g-conjecture.

Conjecture 7. Let A be a flag homology sphere. Then there exists a simplicial com-
plex I' such that

1. [67, Conjecture 1.4] y(A) = f(I');
2. [67, Conjecture 6.3] I is balanced and y(A) = f(I");
3. [67, Problem 6.4] I is flag and y(A) = f(I").

It follows from [22] that up to dimension four, the second and the third part of
Conjecture 7 hold and are equivalent. The reason that the third part of this con-
jecture is, in general, stronger than the second is due to a result of Frohmader [21],
which states that for every flag simplicial complex, there exists a balanced simplicial
complex with the same f-vector.

Nevo, Petersen, and Tenner [68] proved that the version of this conjecture asking
that I should be balanced holds when A is the barycentric subdivision of a homol-
ogy sphere; subsequently, Murai and Nevo [64] extended this result to barycentric
subdivisions of all (i.e., not only simplicial) polytopes. Furthermore, Nevo and Pe-
tersen verified that the version of this conjecture asking that I" should be flag holds
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for Coxeter complexes and for flag (d — 1)-spheres with at most 2d + 3 vertices (i.e.,
when 7 < 3).

5.2.3 Upper bounds on flag complexes

If the second part of Conjecture 7 is true, then standard facts about Turdn graphs
would imply upper bounds on the y-numbers of flag spheres. The following conjec-
ture was proposed by Lutz and Nevo [50, Conjecture 6.3].

Conjecture 8. Let d = 2k be even and suppose d > 4. Let A be a flag homology
(d — 1)-sphere on n vertices. Then

%(A) < %(Fi(n),

where _#(n) is the flag sphere on n vertices obtained as the join of k (graph) cycles,
each of which has | % | or [7] vertices. Moreover, equality holds for some 2 <i <k
if and only if A = _#i(n).

Very recently, Adamaszek and Hladky announced a proof of this conjecture for

complexes with a sufficient number of vertices. For n > 0, they proved the following
result:

Theorem 23. [1] For every even d = 2k with d > 4, there is a constant Ny for

which the following holds: if M is a flag Z-homology manifold of dimension d — 1
with n > Ny vertices, then

filM) < fi( Zk(n)) forall1 <i<d-—1;
hi(M) < hi(_ Zx(n)) forall2 <i<d-2;
gi(M) < gi( Zi(n)) forall2 <i<k; and
%(M) < v( Zi(n)) forall2 < i<k

Moreover, if equality holds in any of these cases, then M is isomorphic to .

6 Tools and techniques

In this section we will introduce some of the key tools used in the proofs of the
results discussed in Sections 3-5.

6.1 The Stanley-Reisner ring

Throughout this section, we assume that A is a (d — 1)-dimensional simplicial com-
plex with n vertices and K is an infinite field of an arbitrary characteristic. We iden-
tify the vertices of A with [n] = {1,2,...,n}. The standard reference to this material
is Stanley’s book [83].
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We consider a polynomial ring S := Kk[x;,x2, . ..,x,] with one generator for each
vertex in A. The Stanley-Reisner ideal of A is

Iy = (xilx,-z---xik : {il,iz,...,ik} %A)

The Stanley-Reisner ring (or face ring) of A is the quotient k[A] := S/I4. Since 14
is a monomial ideal, the quotient ring k[A] is graded by degree. The definition of
I, ensures that, as a k-vector space, each graded piece of k[A], denoted k[A];, has a
natural basis of monomials whose supports correspond to faces of A. The following
result shows that the A-numbers arise naturally in this algebraic setting.

Theorem 24. [80, Proposition 3.2] The Poincaré-Hilbert series of K[A] can be
expressed as a rational function of the form

F(k[A];) ==Y dimy(k[A]); -1

i>0
Zf, - ﬂ _ ho(A) +hi(A) 1+ +ha(A) -1 o
(1—1) (1—1)d '
As a consequence, the Krull dimension of kK[A] is d = dim(A) + 1.
Definition 6. A sequence of linear forms, 61, 6,,...,0, € Sis called a linear system

of parameters (or l.s.0.p.) if the ring k[A]/(®) is a finite-dimensional k-vector
space; here (@) := (0y,...,0,).

It is a general fact that if k is an infinite field, then k[A] admits an L.s.0.p.; more-
over, any choice of generic linear forms 6y,...,0,; € S is an l.s.o.p. If 8,...,6, is
an Ls.o.p. for A, we write k(A;0) =k(A) :=Kk[A]/(O).

Stanley [80] used a result of Reisner [77] to build a first bridge between the
algebraic structure of the Stanley-Reisner ring and the combinatorial structure of
sphere triangulations.

Theorem 25. [80, Section 4] Let A be a k-homology sphere or K-homology ball,
and let 01,...,0, be any Ls.o.p. for K|A]. Then the Poincaré-Hilbert series of k(A)

is
d .
1))=Y hj(A)-t. ®)
j=0

In other words, dimgk(A); = hj(A) for all j.

The key connection between Equations (7) and (8) is that, for homology spheres
and homology balls, the face ring k[A] is free as a k[0, ..., 6;]-module. (Simplicial
complexes with this property are called Cohen-Macaulay complexes.) Equation (8)
then follows from the fact that the Poincaré-Hilbert series of k[0, ..., ;] is ﬁ

One immediate consequence of Theorem 25 is that the ~-numbers of a simplicial
homology sphere or ball are nonnegative. In fact, a classical theorem of Macaulay
[52] can be used to get much stronger inequalities from Theorem 25. First, we re-
quire two definitions.
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A multicomplex, .#, is a family of monomials that is closed under divisibility;
ie.,if 4 € 4 and v divides i, then v € .#. We write 4;:={ € A : deg(u) =i}.

Next, it is easy to verify that for all natural numbers m and i, there exists a unique
decomposition of the form

N N A
1 1 — J

Define
o (GFV) (oY L (@),
i+1 i j+1

A sequence of integers (1,Fj, F3,...) is an M-sequence if 0 < Fi | < Fi<i>

for all i.

Theorem 26. (Macaulay [52]) The following conditions are equivalent.

1. The sequence (1,F\,F,,...) of nonnegative integers is an M-sequence.
2. There exists a multicomplex A such that | 4;| = F; for all i.
3. There exists a standard graded k-algebra R such that dimg R; = F; for all i.

Corollary 1. [80, Corollary 5.2] If A is a homology sphere or homology ball, then
h(A) is an M-sequence.

6.2 Lefschetz properties and the g-theorem

When A is a homology sphere, Theorem 25 and the Dehn-Sommerville equations
imply that
dimgk(A); =h;(A) = hg—j(A) = dimk(A) 4.

The inner equality is a statement that is both combinatorial and topological in nature,
while the outer equalities are algebraic. As such, it is natural to ask whether the
equality dimyk(A); = dimyg k(A),—; can be seen as a sort of algebraic duality.

Definition 7.

1. Let A be a homology (d — 1)-sphere. We say that k[A] (or simply A) has the
strong Lefschetz property (SLP) if there exists an l.s.0.p. 6y,...,60; for k[A]
and a linear form ® such that the multiplication map

x0T  k(A;0); — k(A;0),;

is an isomorphism for all j < [d/2].

2. Let A be a homology (d — 1)-sphere or ball. We say that k[A] has the weak
Lefschetz property (WLP) if there exists an Ls.o.p. 0y,...,0, for k[A] and a
linear form @ such that the multiplication map x® : k(A;0); — k(A;0);4 is
either injective or surjective for all i < d.
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A few comments are in order. First, it is well-known that if k[A] has the SLP,
then the desired multiplication map is an isomorphism for any generic choice
of 0y,...,8; and ® (see [85, Proposition 3.6]). Second, it follows easily from
the definition that if k[A] has the SLP, then it also has the WLP. Third, if A is
a homology sphere or ball with the WLP, then A4(A) is unimodal. Indeed, sup-
pose the multiplication map x® : k(A;0); — k(A;0),41 is surjective for some
s. Then (k(A;0)/(®)),,; =0, s0 (k(A;0)/(w)); =0 for all i > s+ 1, and hence
X0 :k(A;0),41 — k(A;0)447 is also surjective. In particular, if A is a homol-
ogy sphere with the WLP, then the Dehn-Sommerville equations imply that #(A) is
unimodal with its peak at /245 (A).

In fact, the necessity of the conditions of the g-theorem for simplicial polytopes
is an easy consequence of the (strong or weak) Lefschetz property: the injectivity
of the map x : k(P); — k(P);4; for all i < |d/2| implies that the quotient ring
k(P)/(®) is a standard graded k-algebra whose i-th graded piece has dimension
&i(P) = hi(P) — h;— (P) for all i < |d/2]. Thus the g-vector of P is an M-sequence
thanks to the following theorem.

Theorem 27. (Stanley [82], McMullen [55, 56]) A simplicial d-polytope has the
strong Lefschetz property over Q.

More generally, to prove the g-conjecture for homology spheres, it would be
sufficient to verify that any homology sphere A has the WLP. In fact, it is even
sufficient to prove that there exists a one-form @ such that x@ : k(A) 42 —
K(A)|q/2)+1 is surjective (see [73, Theorem 3.2]).

6.3 From spheres to manifolds: think global, act local

The main philosophy of many papers on the f-numbers of manifolds and pseudo-
manifolds, is that even though such a space can be very complicated globally, its
local structure controls the f-numbers (and other invariants) to a large degree. In
this section, we demonstrate several examples of this principle.

One such example is given by the p-numbers of Section 4.5. These numbers
are defined as sums of certain invariants of the vertex links, yet they provide some
information on the Betti numbers of the original complex (see Theorem 11).

In a similar spirit, if A is a pure (d — 1)-dimensional simplicial complex, then the
short simplicial /-vector of A, i(A) = (hg(A),h(A),... hq_i(A)), is defined by
hi(A) ==Y,y hi(lky (v)) fori = 0,1,...,d — 1. This vector was introduced in [29].
It has a few convenient and easy-to-check properties:

Proposition 1. The f-numbers of a simplicial complex A are non-negative linear
combinations of h-numbers of A. Moreover, if A is a homology (d — 1)-manifold,
then hi(A) = hy_1_;(A) foralli=0,1,...,d —1.

One immediate consequence of these two simple facts, together with Stanley’s
Upper Bound Theorem for spheres (the h-vector version), is the proof of the f-
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vector version of the Upper Bound Theorem for all odd-dimensional manifolds (see
[29] for a stronger result).

Yet another example of this phenomenon is the following deep observation of
Swartz [86, Theorem 4.26] on the existence of Lefschetz-like elements. We denote
by Li(A) the set of all pairs (@, ®) such that @ is a linear form, © is an 1.s.0.p., and
the multiplication map x @ : k(4;0); — k(A;0),4 is a surjection.

Theorem 28. Let A be a k-homology manifold with k an infinite field. IfLi(Iks (v))
is nonempty for (almost) all of the vertices v of A, then L1 (A) is nonempty.

6.4 Schenzel’s formula and socles

Many results on the face numbers of manifolds bound the f-numbers or A-numbers
of a simplicial manifold in terms of its Betti numbers. The proofs of most of these
results rely on the following theorem of Schenzel [79], which relates the face ring
of a simplicial manifold to its topological Betti numbers.

Theorem 29. [79] Let A be a k-homology manifold (with or without boundary) of
dimension d — 1, and let 0y,...,0,; be an Ls.o.p. for K|A]. Then

Jj—1

dimik(A); = h(A) + (‘]l) Y (1) By (AcK). ©)

i=1
In light of this result, we define the #'-numbers of A as

Jj—1

H(A) = hy(A) + (i) Y (1) B (Aik).
i=1

Note that if A is a k-homology sphere or ball, then /#'(A) = h(A). In particular, The-
orem 29 provides a vast generalization of Theorem 25. Also since k(A) is a standard
graded algebra, Schenzel’s formula, together with Macaulay’s Theorem (Theorem
26) imply that if A is a k-homology manifold, then #'(A) := (hy(A),...,h,(A))
is an M-sequence (cf. Corollary 1). In order to derive Equation (9), Schenzel [79]
proved the following result.

Theorem 30. [79] Let A be a k-homology manifold (with or without boundary) of
dimension d — 1, and let 0y,...,6; be an Ls.o.p. for K[A]. For all 1 < s < d and
0 < j <d, the kernel of the multiplication map

X@S : (k[A]/(Gl,...795_1))j—> (k[A]/(el,...793_1))j+l

has dimension (‘Y;l)ﬁjq (A3k).

Recall that if R is a commutative ring and /,J are ideals of R, then the ideal
quotient I : J is definedasI:J={xeR : xJ CI}.
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Definition 8. The socle of k(A) is the ideal
Soc(k(4))=0:m={fe€k(A) : x;- f =0forall i}.

Here we use m to denote the maximal ideal (xi,...,x,).

Assume A is a k-homology manifold and @ is a generic linear form. In view of
Theorem 30, one natural question to ask is what can be said about the dimension of
the kernel of x® : k(A); — k(A) ;4 or at least about the dimension of the socle of
k(A). To this end, we have:

Theorem 31. [74, Theorem 2.2] Let A be a k-homology manifold, with or without
boundary. Then

dimy Soc(k(A)); > (f) Bi—1(Ask).

This theorem is due to Novik and Swartz; its proof relies upon the local coho-
mology module of k[A] and the following result of Hochster, which describes the
structure of H (k[A]) as a k-vector space in terms of the simplicial (co)homology
of A and its links.

Theorem 32. Let A be a simplicial complex on n vertices. Leta= (ay,...,a,) € Z"
andlet F = {j € [n] : a; # 0}. Then for any i > 0, the i" local cohomology module
of K[A] satisfies

‘ 0 fF¢Aora;>0 3
dimi Hi- (K[A])a — ifF ¢ : oraj >0 for some j
Bi—r|-1(ka(F);k)  otherwise.
Let A be a k-homology manifold (with or without boundary). As we noted ear-
lier, the vector /'(A) is then an M-sequence. One easy but important consequence
of Theorem 31 is the following strengthening of this fact:

Proposition 2. If A is a k-homology manifold (with or without boundary), then for
all j <d—1, the numbers

(ha<A>,ha<A>,...7 (A). K (a) (‘J’.)ﬁjlm:k),h;ﬂ(m)

form an M-sequence.

This proposition, in turn, leads to the proof of several theorems discussed in
Section 4, among them (i) the Upper Bound Theorem for various classes of ho-
mology manifolds [70] (for this result even a certain weaker version of Proposi-
tion 2 is enough), and (ii) Kiihnel’s conjecture on the Euler characteristic of even-
dimensional k-homology manifolds (see [74, Theorem 4.4] for further details). The-
orem 31 along with Theorem 28 also provides a key ingredient of the proof of part
(1) of Theorem 10 for orientable k-homology manifolds (see [74, Theorem 5.2]).

It is worth mentioning that Theorem 31 can be stated more generally for Buchs-
baum graded modules of Krull dimension d over K[x1,...,x,]| ([74, Theorem 2.2]).
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For Buchsbaum modules over local Noetherian rings, a similar result was estab-
lished by Goto [24, Proposition 3.6].

6.5 The Gorenstein property

A graded k-algebra of Krull dimension zero is called Gorenstein if its socle is a 1-
dimensional k-vector space (see [83, p. 50] for many other equivalent definitions). If
A is a k-homology sphere, then k(A ) is a Gorenstein ring [83, Theorem IL.5.1]. One
major consequence of being Gorenstein is the symmetry of the Hilbert function.
This naturally leads to the question of how far is k(A) from being Gorenstein if A
is a homology manifold other than a sphere. The answer due to Novik and Swartz
turns out to be surprisingly simple. We require one definition and a bit of discussion.

Definition 9. Let A be a k-homology (d — 1)-manifold without boundary. Define

d—1
K(4) = k(4)/ @ Soc(k(A))..
i=1

In the above formula, Soc(k(A)), is not included in the direct sum because that
graded piece of the socle is all of k(A ),. Further, by the definition of the socle, each
individual graded piece Soc(k(A)); is an ideal of k(A) on its own, and so k(A) is a
quotient of k(A) by an ideal.

Recall also the definition of the 4”-numbers (see Definition 1). Observe that
Schenzel’s formula (Theorem 29), and the socle theorem (Theorem 31) imply that
for a k-homology (d — 1)-manifold A, dimg k(A); <A/ (A).

Theorem 33. Letr A be a (d — 1)-dimensional, orientable, k-homology manifold

without boundary. Then

1. [73, Theorem 1.3] dimg Soc(k(A)); = (‘f)ﬁ,-,l(A) Sor all i <d. In particular,
dimgk(A), = h!(A).

2. [73, Theorem 1.4] Moreover, if A is connected, then k(A) is Gorenstein.

The major ingredient in the proof of Theorem 33 is Gribe’s generalization [25]
of Hochster’s theorem (Theorem 32) that provides an explicit description of the
structure of the local cohomology module H. (k[A]) as a k[A]-module in terms of
the simplicial (co)homology of the links of faces of A and maps between them.

In turn, Theorem 33 is one of the main ingredients in the proof of Theorem 6.
Indeed, along with some standard properties of Gorenstein rings (see for instance
[83, Theorems 1.12.5 and 1.12.10]), Theorem 33 implies that if A is a (d — 1)-
dimensional connected, orientable, k-homology manifold, then

Homy (k(A),;,k) is naturally isomorphic to k(A),_;. (10)
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In particular, it follows that 4 (A) = A/, .(A). A much more substantial consequence
of (10) along with Theorem 28 is the injectivity of the map x® : k(A); — k(4),,;
for any i < |d/2] and a generic linear form @, under an additional assumption
that (most of) vertices of A have the WLP (see proof of [73, Theorem 3.2]). This
injectivity, in turn, yields part (3) of Theorem 6. In fact, Theorems 28 and 33 are also
among the key ingredients in the proof of Theorem 13, which gives a strengthening
of Theorem 6.

6.6 Generic initial ideals

Generic initial ideals can be traced at least to Hartshorne [28]. They entered the
study of the face numbers of simplicial complexes via Kalai’s theory of algebraic
shifting [33, 11, 36]. Since then they have become an indispensable tool, see for
instance [3, 60, 61, 70] and many other papers. Perhaps the most spectacular recent
application of generic initial ideals is due to Murai and Nevo [65] in their proof of
the equality part of the GLBT for simplicial polytopes.

Below we sketch the definition of generic initial ideals and discuss some of their
properties. We order the variables of S =K[xj,...,x,] by x; >x > -+ > x,, and let >~
be the rev-lex order on the monomials in x1, ..., x, of the same degree. For instance,
in degree 2 we have: x% — X1X > x% > X1X3 > X2X3 > x% > ---. Furthermore, we
refine this partial order by declaring that the lower degree monomials are larger
than the higher degree monomials.

For a polynomial A in S, denote by in. (A) the rev-lex largest monomial that
appears in A with a non-zero coefficient. If / is an ideal, then the rev-lex initial
ideal of 7, in. (1), is defined as Spany{in. (A) : A € I'}. It is not hard to see that
in. () is in fact an ideal.

Let ¢ = (¢j) € GL,(k) be a generic matrix. Then ¢ acts on S; by ¢(x;) =
Y 7_| Prixx and this action can be extended uniquely to a ring automorphism on S. If
I is a homogeneous ideal, then the (rev-lex) generic initial ideal of / is

Gin, (1) :==1in. (¢ (I)).

It is a result of Galligo (see, for instance, [27, Theorem 1.27]) that in. (¢ (1)) is
independent of ¢ for generic choices of ¢, and so Gin. (I) is well-defined.

One beautiful property of generic initial ideals is that they have a very simple
structure. For instance, if k is a field of characteristic zero, / is a homogeneous ideal
in S, and p € Gin, () is a monomial, then for any x, that divides ¢ and any 1 < s <1,
the monomial u -x;/x, is also an element of Giny (7). (This result is also due to
Galligo [30, Theorem 4.2.1].) In fact, the main reason that generic initial ideals are
so useful is that while the degeneration of I to Gin, (I) considerably simplifies the
ideal, it preserves many important properties:

Theorem 34. Let I be a homogeneous ideal in S.
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1. The ring S/I is Cohen-Macaulay if and only if S/ Gin, (1) is.

2. The ring S/I has the WLP if and only if S/ Giny(I) has the WLP.

3. (Crystallization Principle) Suppose that K is a field of characteristic zero and
that I is generated by elements of degree < m. If Gin,(I) has no minimal gener-
ators of degree m+ 1, then Gin,. (I) is generated by elements of degree < m.

The first part is due to Bayer and Stillman, see [30, Corollary 4.3.18]. (In fact,
a remarkable extension of this part, due to Bayer, Charalambous, and S. Popescu,
asserts that even the values of certain graded Betti numbers are preserved under
generic initial ideals; see [8] and [2] for more details.) The second part follows from
[30, Lemma 4.3.7] and relies on the properties of the rev-lex order. The third part
is due to Green [27, Proposition 2.28]. This part played a crucial role in the Murai-
Nevo proof [65] of the equality part of the GLBT.

6.7 Graded Betti numbers of the Stanley-Reisner ring

Let S = Kk[xj,...,x,] be a polynomial ring. It is a well-known fact that if I C S is
a homogeneous ideal, then there is a unique graded minimal free resolution of S/
(viewed as an S-module) of the following form:

O%@S )P %% .. %@s P B B S(—j)Poi Bs— 5/1-0,

J

where ¢ < n. The notation S(— j) denotes a shift in the degree of S:  (S(—j)); = Sk—;
for all k. The resolution being graded means that all maps ¢y, ¢, .. ., @y preserve the
degrees of elements of S (after the grading on S is shifted).

The numbers f3; ; are called the graded Betti numbers of S/I. When I is the
Stanley-Reisner ideal of a simplicial complex, the following result of Hochster es-
tablishes a beautiful relationship between the graded (algebraic) Betti numbers of
the minimal free resolution of S/I and the (topological) Betti numbers of the under-
lying simplicial complex.

Theorem 35. (Hochster’s formula) Let A be a simplicial complex. Then

ﬁll-‘r/ Z ﬁj IAWs )

wCv(a)
|W|=it+j

Kolins [43, Proposition 8] used the graded Betti numbers to place sufficient con-
ditions on whether a homology ball can be split as the boundary connected sum of
two other homology balls along a codimension-one face. This allowed him to show
that several integer vectors could not be realized as h-vectors of homology balls,
despite satisfying very natural algebraic conditions [43, Example 10].

More recently, Murai [63] made a tremendous connection between Hochster’s
formula and the Bagchi-Datta o-numbers by noticing that if A has n vertices, then
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O'j—l(A;k):ki'ﬁkj!é)k[A]).
=j

Murai then used several results from commutative algebra to provide upper bounds
on the graded Betti numbers of k[A] and hence also the o-numbers and p-numbers.
This, along with the results of [58], led to Murai’s proof of Theorems 9 and 10.

We are looking forward to many future results on the face numbers of simplicial
complexes and new connections between commutative algebra, algebraic topology,
and combinatorics!
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