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Abstract

We define a centrally symmetric analogue of the cyclic polytope and study its fa-
cial structure. We conjecture that our polytopes provide asymptotically the largest
number of faces in all dimensions among all centrally symmetric polytopes with
n vertices of a given even dimension d = 2k when d is fixed and n grows. For
a fixed even dimension d = 2k and an integer 1 < j < k we prove that the maxi-
mum possible number of j-dimensional faces of a centrally symmetric d-dimensional
polytope with n vertices is at least (c;(d) + o(1)) (jil) for some ¢j(d) > 0 and at
most (1 —27%+ o(1)) (jil) as n grows. We show that c¢;(d) > 1 — (d — 1)~ and
conjecture that the bound is best possible.

1 Introduction and main results

To characterize the numbers that arise as the face numbers of simplicial complexes of
various types is a problem that has intrigued many researchers over the last half century
and has been solved for quite a few classes of complexes, among them the class of all
simplicial complexes [14, 13] as well as the class of all simplicial polytopes [4, 22]. One of
the precursors of the latter result was the Upper Bound Theorem (UBT, for short) [16]
that provided sharp upper bounds on the face numbers of all d-dimensional polytopes
with n vertices. While the UBT is a classic by now, the situation for centrally symmetric
polytopes is wide open. For instance, the largest number of edges, fmax(d, n; 1), that a
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d-dimensional centrally symmetric polytope on n vertices can have is unknown even for
d = 4. Furthermore, no plausible conjecture about the value of fmax(d, n; 1) exists.

In this paper, we establish certain bounds on fmax(d,n;1) and, more generally, on
fmax(d, n; j), the maximum number of j-dimensional faces of a centrally symmetric d-
dimensional polytope with n vertices. For every even dimension d we construct a cen-
trally symmetric polytope with n vertices, which, we conjecture, provides asymptoti-
cally the largest number of faces in every dimension as n grows and d is fixed among
all d-dimensional centrally symmetric polytopes with n vertices, see the discussion after
Theorem 1.4 for the precise statement of the conjecture.

Let us recall the basic definitions. A polytope will always mean a convex polytope
(that is, the convex hull of finitely many points), and a d-polytope—a d-dimensional
polytope. A polytope P C R? is centrally symmetric (cs, for short) if for every z € P,
—z belongs to P as well, that is, P = —P. The number of i-dimensional faces (i-faces,
for short) of P is denoted f; = f;(P) and is called the ith face number of P.

The UBT proposed by Motzkin in 1957 [17] and proved by McMullen [16] asserts that
among all d-polytopes with n vertices, the cyclic polytope, Cy(n), maximizes the number
of i-faces for every i. Here the cyclic polytope, Cy4(n), is the convex hull of n distinct
points on the moment curve (¢,t2,...,t%) € R? or on the trigonometric moment curve
(cost,sint, cos 2t,sin 2t, . .., cos kt,sin kt) € R?* (assuming d = 2k). Both types of cyclic
polytopes were investigated by Carathéodory [5] and later by Gale [10] who, in particular,
showed that the two types are combinatorially equivalent (for even d) and independent
of the choice of points. Cyclic polytopes were also rediscovered by Motzkin [17, 12] and
many others. We refer the readers to [2] and [23] for more information on these amazing
polytopes.

Here we define and study a natural centrally symmetric analog of cyclic polytopes —
bicyclic polytopes.

1.1 The symmetric moment curve and bicyclic polytopes

Consider the curve

SMo () = (cos t, sint, cos3t, sin3t, ..., cos(2k — 1)t, sin(2k — 1)t) for teR,

which we call the symmetric moment curve, SMy(t) € R?*. The difference between SMyy,
and the trigonometric moment curve is that we employ only odd multiples of ¢ in the
former. Clearly, SMoy (¢ + 27) = SMy(t), so SMy,, defines a map SMyy, : R/27Z — Rk,
It is convenient to identify the quotient R/27Z with the unit circle S' C R? via the map
t — (cost,sint). In particular, {¢,t+ 7} is a pair of antipodal points in S'. We observe
that

SMgk(t + 7T) = _SMQk(t),

so the symmetric moment curve SMy; (S?) is centrally symmetric about the origin.
Let X C S! be a finite set. A bicyclic 2k-dimensional polytope, Bok(X), is the convex
hull of the points SMo (), z € X:

Bar(X) = conv (SMo (X)) .
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We note that Bay(X) is a centrally symmetric polytope as long as one chooses X to be a
centrally symmetric subset of S'. In the case of k = 2 these polytopes were introduced
and studied (among certain more general 4-dimensional polytopes) by Smilansky [20, 21],
but to the best of our knowledge the higher-dimensional bicyclic polytopes have not yet
been investigated. Also, in [20] Smilansky studied the convex hull of SMy (S!) (among
convex hulls of certain more general 4-dimensional curves) but the convex hull of higher
dimensional symmetric moment curves has not been studied either.

We recall that a face of a convex body is the intersection of the body with a supporting
hyperplane. Faces of dimension 0 are called vertices and faces of dimension 1 are called
edges. Our first main result concerns the edges of the convex hull

By, = conv (SM% (Sl))

of the symmetric moment curve. Note that By is centrally symmetric about the origin.
Let o # B € S! be a pair of non-antipodal points. By the arc with the endpoints o
and B we always mean the shorter of the two arcs defined by « and £.

Theorem 1.1 For every positive integer k there exists a number

2k —2
2k -1

T < Y <7

with the following property: if the length of the arc with the endpoints o # B € S?
is less than vy, then the interval [SMak(c), SMok(B)| is an edge of Box; and if the
length of the arc with the endpoints o # B € S' is greater than 1y, then the interval
[SMzk(Oz), SMgk(ﬁ)} is not an edge of Boyy.

It looks quite plausible that
2k -2
Y= or T
and, indeed, this is the case for k = 2, cf. Section 4.

One remarkable property of the convex hull of the trigonometric moment curve in R2*
is that it is k-neighborly, that is, the convex hull of any set of k£ distinct points on the
curve is a (k — 1)-dimensional face of the convex hull. The convex hull of the symmetric
moment curve turns out to be locally k-neighborly.

™

Theorem 1.2 For every positive integer k there exists a number ¢ > 0 such that if
t1,...,tx € St are distinct points that lie on an arc of length at most ¢y, then

conv (SMQk(tl), oo, SMyy (tk))
is a (k — 1)-dimensional face of Bay.

From Theorems 1.1 and 1.2 on one hand and using a volume trick similar to that used
in [15] on the other hand, we prove the following results on fmax(d, n; j)—the mazimum
number of j-faces that a cs d-polytope on n vertices can have.
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Theorem 1.3 If d is a fized even number and n — oo, then

1 fmax(d, n; 1)
1— ——— 4o(1) < 2T L)
o=

1
<1l-—— 1).
d—1 = +o(1)
Theorem 1.4 If d = 2k is a fized even number, j < k —1, and n — oo, then

9d

¢;(d) +o(1) < fmm(i%j) <1- % +o(1),

where c;(d) is a positive constant.

Some discussion is in order. Recall that the cyclic polytope is |d/2]|-neighborly, that
is, for all j < |d/2], every j vertices of C4(n) form the vertex set of a face. Since Cy(n)
is a simplicial polytope, its neighborliness implies that f;(C(d, n)) = (;},) for j < |d/2].
Now if P is a centrally symmetric polytope on n vertices then no two of its antipodal
vertices are connected by an edge, and so f;(P) < (g) — 5. In fact, as was recently shown
by Linial and the second author [15], this inequality is strict as long as n > 2¢. This leads
one to wonder how big the gap between fmax(d,n;1) and (g) is. Theorems 1.3 and 1.4
(see also Propositions 2.1 and 2.2 below) provide (partial) answers to those questions. In
Section 7.3, we discuss several available lower bounds for c;(d).

Let us fix an even dimension d = 2k and let X C S! be a set of n equally spaced

points, where n is an even number. We conjecture that for every integer j < k — 1

lim sup M = lim sup

fmax(d, n; j)
n—-—+oo (jil) n—-—+oo (jj—l)

It is also worth mentioning that recently there has been a lot of interest in the problems
surrounding neighborliness and face numbers of cs polytopes in connection to statistics
and error-correcting codes, see [7, 8, 9, 18]. In particular, it was proved in [9] that for
large n and d, if j is bigger than a certain threshold value, then the ratio between the
expected number of j-faces of a random cs d-polytope with n vertices and (jzl) is smaller
than 1 — e for some positive constant e. The upper bound part of Theorem 1.4 provides a
real reason for this phenomenon: the expected number of j-faces is “small” because the
jth face number of every cs polytope is “small”.

In 1980s, in an attempt to come up with a centrally symmetric variation of cyclic
polytopes, Bjorner [3] considered convex hulls of certain symmetric sets of points chosen
on the odd-moment curve

OM,,(t) = (¢, £, t°, ..., ™), OM,(t) e R™ for teR

The authors are not aware of any results similar to Theorems 1.1 and 1.2 for such poly-
topes. The curves OMy, C R* and SMy, C R?* behave differently with respect to the
affine structure on R?*: there are affine hyperplanes in R?* intersecting OMy;, in as many
as 4k — 1 points while any affine hyperplane in R?* intersects SMy; in at most 4k — 2

4



points, cf. Section 3.3. In contrast, the ordinary and trigonometric moment curves in
even dimensions behave quite similarly to each other.

As the anonymous referee pointed out to the authors, SMy is an algebraic curve of
degree 4k — 2 (it is rationalized by the substitution s = tan(¢/2)) and 4k — 2 is the
minimum degree that an irreducible centrally symmetric algebraic curve in R?* not lying
in an affine hyperplane can have. (Note that the degree of OMyy, is 4k — 1.)

The structure of the paper is as follows. In Section 2 we prove the upper bound
parts of Theorems 1.3 and 1.4. In Section 3 we discuss bicyclic polytopes and their
relationship to non-negative trigonometric polynomials and self-inversive polynomials.
Section 4 contains new short proofs of results originally due to Smilansky on the faces of
4-dimensional bicyclic polytopes. It serves as a warm-up for Sections 5 and 6 in which we
prove Theorems 1.1 and 1.2 as well as the lower bound parts of Theorems 1.3 and 1.4. We
discuss 2-faces of Bg, values of fmax(2k,n;j) for j > k, and lower bounds for constants
¢j(d) of Theorem 1.4 in Section 7, where we also state several open questions.

2 Upper bounds on the face numbers

The goal of this section is to prove the upper bound parts of Theorems 1.3 and 1.4. The
proof uses a volume trick similar to the one utilized in the proof of the Danzer-Griinbaum
theorem on the number of vertices of antipodal polytopes [6] and more recently in [15,
Theorem 1], where it was used to estimate maximal possible neighborliness of cs polytopes.

The upper bound part of Theorem 1.3 is an immediate consequence of the following
more precise result on the number of edges of a centrally symmetric polytope.

Proposition 2.1 Let P C R? be a cs d-polytope on n vertices. Then
n? d
fl(P)§?(1—2— ).

Proof: Let V be the set of vertices of P. For every vertex u of P we define
P,:=P+ucC?2P

to be a translate of P, where “+” denotes the Minkowski addition. We claim that if
the polytopes P, and P, have intersecting interiors then the vertices u and —v are not
connected by an edge. (Note that this includes the case of u = v, since clearly int (P,) N
int (P,) # 0 and (v, —v) is not an edge of P.) Indeed, the assumption int (P,)Nint (P,) # 0
implies that there exist z,y € int (P) such that x + v = y + v, or equivalently, that
(y —x)/2 = (u—v)/2. Since P is centrally symmetric, and z,y € int (P), the point
q := (y — z)/2 is an interior point of P. As ¢ is also the barycenter of the line segment
connecting u and —wv, this line segment is not an edge of P.

Now normalize the Lebesgue measure dz in R? in such a way that vol (2P) = 1 and
hence

vol (P) =vol (P,) =27% forall ueV.



For a set A C RY, let [A] : R — R be the indicator of A, that is, [A](z) =1 for z € A
and [A](z) = 0. Define
h=" [intP,].

ueVvV

/ hdx =n2 ¢,
2P

and hence by the Holder inequality
/ h? dx > n?272,
2P

On the other hand, the first paragraph of the proof implies that

| W) = ¥ vol (Pun P <2 42 (@ Y P)> yi

u,veEV

Then

and the statement follows. O

As a corollary, we obtain the following upper bound on the number f;(P) of j-
dimensional faces for any 1 < j < (d — 2)/2. This upper bound implies the upper
bound part of Theorem 1.4.

Proposition 2.2 Let P C R? be a cs d-polytope with n vertices, and let j < (d — 2)/2.

Then
n _ n
fj(P)Sn_l(l_Qd)<j+1>'

Proof: We rely on Proposition 2.1 and two additional results.

The first result is an adaptation of the well-known perturbation argument, see, for
example, [11, Section 5.2], to the centrally symmetric situation. Namely, we claim that
for every cs d-polytope P there exists a simplicial cs d-polytope @ such that fo(P) = fo(Q)
and f;(P) < f;(Q) for all 1 < j < d — 1. The polytope @ is obtained from P by pulling
the vertices of P in a generic way but so as to preserve the symmetry. The proof is
completely similar to that of [11, Section 5.2] and hence is omitted.

The second result states that for every (d — 1)-dimensional simplicial complex K with
n vertices, we have

n n ,
fj(K)§f1(K)(j+1>/(2> for 1<j<d-—1.
The standard double-counting argument goes as follows: every j-dimensional simplex of

K contains exactly (j;rl) edges and every edge of K is contained in at most (;‘:f) of the
j-dimensional simplices of K. Hence

Fi(K)/f1(K) < (7;:3/(];1) - <gi1)/(2)

The statement now follows by Proposition 2.1. O



3 Faces and polynomials

In this section, we relate the facial structure of the convex hull By of the symmetric
moment curve (Section 1.1) to properties of trigonometric and complex polynomials from
particular families.

3.1 Preliminaries

A proper face of a convex body B C R? is the intersection of B with its supporting
hyperplane, that is, the intersection of B with the zero-set of an affine function

A(x) = g + alfl 4+ ...+ Oégkak for z = (61, - a€2k)

that satisfies A(z) > 0 for all z € B.

A useful observation is that By remains invariant under a one-parametric group of
rotations that acts transitively on SMy, (S'). Such a rotation is represented by a 2k x 2k
block-diagonal matrix with the jth block being

( cos(2j — 1) sin(2j — 1)7)

—sin(2j — 1) cos(2j — 1)7

for 7 € R If {t1,...,t,} C St are distinct points such that

conv (SMgk (t1), ..., SMyy (ts))

is a face of By and points #;,...,t, € S are obtained from ti,...,t, by the rotation
th=t;+7fori=1,...,5 of S, then

conv(SMzk (t),...,SMay (t;))

is a face of By, as well.

Finally, we note that the natural projection R* — R?' for k' < k that erases the
last 2k — 2k’ coordinates maps By onto Bay and Bk (X) onto Boy (X). Hence, if for some
sets Y C X C S? the set conv (SMow (Y)) is a face of By (X), then conv (SMg(Y)) is a
face of Boy(X). We call a face of By an old face if it is an inverse image of a face of Boy
for some k' < k, and call it a new face otherwise.

3.2 Raked trigonometric polynomials

The value of an affine function A(z) on the symmetric moment curve SMyy, is represented
by a trigonometric polynomial

Alt)=c+ > ajcos(2j — 1)t + > b;sin(2j — 1)t. (1)

=1 =1



Note that all summands involving the even terms sin 25t and cos 2t except for the constant
term vanish from A(t). We refer to such trigonometric polynomials as raked trigonometric
polynomials of degree at most 2k —1. As before, it is convenient to think of A(t) as defined
on St =R/27Z.

Admitting, for convenience, the whole body By, and the empty set as faces of By, we
obtain the following result.

Lemma 3.1 The faces of By, are defined by raked trigonometric polynomials of degree at
most 2k — 1 that are non-negative on St. If A(t) is such a polynomial and {t,...,ts} C
St is the set of its zeroes, then the face of Boy defined by A(t) is the conver hull of
{SMay(t1), - - ., SMag(ts) }-

It is worth noticing that if a polynomial A(¢) of Lemma 3.1 has degree smaller than
2k — 1, then the convex hull of {SMyy o(t1),...,SMok o(ts)} is a face of By . Thus all
new faces of By, are defined by raked trigonometric polynomials of degree 2k — 1.

3.3 Raked self-inversive polynomials

Let us substitute z = €' in equation (1). Using that

2j—1 1-2j 2j-1 _ ,1-2j
cos(2j — 1)t = % and sin(2j — 1)t = z z

we can write A(t) = 272**1D(z), where

k . k .

a; —ib; o a; + ib; ,

D(z) — k1 +§ : g 3 ,25+2k—2 _|_§ : j J ,2k=2j
= 2 2

j=1

In other words, D(z) is a polynomial satisfying

D(z) = z*2D(1/z) (2)
and such that
2%k—1
D(Z) = CZ2k71 + Z deZQj, (3)
j=0

so that all odd terms with the possible exception of the middle term vanish. We note that
(2) is equivalent to dy; = dy o oj for j =0,...,2k — 1.

The polynomials D(z) satisfying equation (2) are well studied and known in the lit-
erature by the name self-inversive polynomials, see for instance [19, Chapter 7]). (Some
sources require that a self-inversive polynomial D satisfies D(0) # 0, but we do not.) In
analogy with raked trigonometric polynomials, we refer to polynomials D satisfying both
equations (2) and (3) as raked self-inversive polynomials. We note that any polynomial
D(z) satisfying (2) and (3) gives rise to a raked trigonometric polynomial A(t) of degree
at most 2k — 1 such that A(t) = 272**1D(z) for z = €. Furthermore, the multiplicity of
a root t of A is equal to the multiplicity of the root z = e of D. Hence we obtain the
following restatement of Lemma 3.1.



Lemma 3.2 The faces of By are defined by raked self-inversive polynomials D(z) that
satisfy equations (2) and (3) and all of whose roots of modulus one have even multiplicities.
If D(2) is such a polynomial and {eitl, ey eitS} 1s the set of its roots of modulus 1, then
the face of By defined by D(z) is the convex hull of {SM% (t1),---, SMQk(ts)}.

Clearly, new faces of By are defined by polynomials of degree 4k — 2, see Section 3.1.
Let D(z) be a polynomial satisfying equation (2), and let

M={C GG Goreen Goree s G}

be the multiset of all roots of D where each root is listed the number of times equal to its
multiplicity. We note that if deg D = 4k — 2 then 0 ¢ M and |M| = 4k — 2. We need a
straightforward characterization of the raked self-inversive polynomials in terms of their
zero multisets M.

Lemma 3.3 A multiset M C C\ {0} of size |M| = 4k — 2 is the multiset of roots of a
raked self-inversive polynomial of degree 4k — 2 if and only if the following conditions (a)
and (b) are satisfied.

(a) We have B
M=M"

that is, ¢ € M if and only if Z_l € M and the multiplicities of ¢ and Z_l in M are
equal, and

(b)
ZCZj_l:O for 5=1,...)k—1.

eM

Proof: It is known and not hard to see that M is the zero-multiset of a self-inversive
polynomial if and only if M~' = M [19, p. 149, p. 228]. Indeed, if D(0) # 0 then (2)
implies M = M~!. Conversely, suppose that M is the multiset satisfying M = M~! and
such that |[M| = 4k — 2. Then

ITkl=1

(eEM

and hence we can choose numbers a, such that

I1%=T1-0

cem ¥ lem

Then the polynomial

D(z) = [] a(z=¢)

eM

satisfies (2).



Let

4k—2
$m=»_ (" andlet D(z) =) dy_omz™
CeM m=0

Using Newton’s formulas to express elementary symmetric functions in terms of power
sums, we obtain

mdm—i—Zsjdm,j:O for m=1,2,...,4k — 2.

j=1
Hence we conclude that

di=d3=...=doy_3=0 ifandonlyif s =s3=...=89_3=0,
which completes the proof. O

Note that even if a raked self-inversive polynomial D has 0 as its root, it must still
satisfy Y .. (P71 =0, forall 1 <j <k —1, where M is the multiset of all roots of D.
We conclude this section with the description of a particular family of faces of By.

3.4 Some simplicial faces of By

Let

A(t) =1 — cos((2k — 1)t).
Clearly, A(t) is a raked trigonometric polynomial and A(t) > 0 for all ¢ € S'. Moreover,
A(t) = 0 at the 2k — 1 points

o 2mj
i k-1

for j=1,...,2k—1

on the circle S!, which form the vertex set of a regular (2k — 1)-gon. By Lemma 3.1 the
set
Ao = CODV(SMgk(Tl), ey SMQk(TQk_1)>

is a face of By.

One can observe that Ay is a (2k — 2)-dimensional simplex. To prove that, we have to
show that the points SMog (1), - .., SMak(72r_1) are affinely independent, or, equivalently,
that the affine hyperplanes in R* passing through these points form a one-parametric
family (topologically, this set of hyperplanes is a circle). As in Section 3.3, those hyper-
planes correspond to non-zero complex polynomials D(z) that satisfy (2) and (3) and for
which D (e”7) =0 for j = 1,...,2k — 1. Hence for each such D we must have

D(z) = (2**7' = 1) Di(2),

for some polynomial D, (z) with deg D; = s < 2k — 1. Moreover, it follows from (2) that

10



Di(z) = =2*7'D; (1/7). (4)

Let M be the multiset of all roots of D and let M; be the multiset of all roots of D;.
Applying Lemma 3.3, we deduce that

SE =31 =0 for j=1,...,k— L

¢eM CeEM

Now, as in the proof of Lemma 3.3 we conclude that the odd-power coefficients of z in
D, are zeros except, possibly, for that of z2*=1. In view of (4), all other coefficients of
D, except, possibly, the constant term, must be zeros as well. Summarizing, D;(z) =
az?$~1 —@ for some o € C\ {0}. Normalizing |[D(0)| = 1 we get a one-parametric family
of polynomials D(z) = (2% ! — 1)(az?* ! — @), |a| = 1, that corresponds to the set of
affine hyperplanes in R?* passing through the vertices of A,.

Therefore Ay is indeed a (2k — 2)-dimensional simplex. Furthermore, we have a one-
parametric family of simplicial faces

A, = conv (SM% (T +7),-., SMoy, (Tor_1 + 7')) for 0<7 <27

of Bsy,. The dimension of the boundary of By is (2k — 1), so this one-parametric family of
simplices covers a “chunk” of the boundary of By;. Borrowing a term from the polytope
theory, we may call A, a “ridge” of Boi. As follows from Section 4, for £ = 2 the simplices
A, are the only ridges of Byy.

4 The faces of B,

In this section we provide a complete characterization of the faces of B;. This result is not
new, it was proved by Smilansky [20] who also described the facial structure of the convex
hull of the more general curve (cos pt, sin pt, cos ¢t, sin ¢qt), where p and g are any positive
integers. Our proof serves as a warm-up for the following section where we discuss the
edges of By, for k > 2.

Theorem 4.1 [20] The proper faces of By are
(0) the 0-dimensional faces (vertices)
SMy(t), te Sk
(1) the 1-dimensional faces (edges)
[SMa(t1), SMa(t2)],

where t1 # ty are the endpoints of an arc of S' of length less than 27/3; and

11



(2) the 2-dimensional faces (equilateral triangles)

At:cmw(ﬁwdﬂ,SM4t+2ﬁﬂD,SM4t+4wﬂD), tesh

Proof: We use Lemma 3.2. A face of By is determined by a raked self-inversive polynomial
D of degree at most 6. Such a polynomial D has at most 3 roots on the circle S!, each
having an even multiplicity. Furthermore, by Lemma 3.3, the sum of all the roots of D is
0. Therefore, we have the following three cases.

Polynomial D has 3 double roots {; = e, (; = €2, (3 = €. Since (; + (o + (3 = 0,
the points #;,t,%3 € S! form the vertex set of an equilateral triangle, and we obtain the
2-dimensional face defined in Part (2).

Polynomial D has two double roots {; = et,(, = €*2, and a pair of simple roots ¢
and Z_l with |(| # 1. Applying a rotation, if necessary, we may assume without loss of
generality that t; = —ty = ¢. Since we must have

C+C 4 2¢tt 4 2¢7it = 0,
we conclude that ( € R. Hence the equation reads
(+(¢'=—4cost forsome (€R, |[(|#1.

If |cost| > 1/2 then the solutions ¢,{™! of this equation are indeed real and satisfy
IC[,[¢TY # 1. Tf |cost| < 1/2 then {¢,("'} is a pair of complex conjugate numbers
satisfying || = [¢(!| = 1. Therefore, the interval [SM4(—t), SM,(#)] is a face of B, if and
only if —7/3 <t < w/3or 2n/3 <t < 47/3, so we obtain the 1-dimensional faces as in

Part (1).
Finally, Lemma 3.1 applied to A(t) = 1 — cos(7 — t) yields that SMy(7) is a 0-
dimensional face (vertex) of By for every 7 € S', which concludes the proof. O

5 Edges of By

In this section we prove Theorems 1.1 and 1.3. Our main tool is a certain deformation of
simplicial faces of By, cf. Section 3.4.

5.1 Deformation

Let M be a finite multiset of non-zero complex numbers such that M = M~!. In other
words, for every ( € M we have (! € M and the multiplicities of ¢ and (! in M are
equal. In addition, we assume that the multiplicities of 1 and —1 in M are even, possibly
0. For every A € R\ {0} we define a multiset M), which we call a deformation of M, as
follows.

We think of M as a multiset of unordered pairs {¢,(~'}. For each such pair, we
consider the equation

2+t =A(C+HCT). (5)

12



We let M), to be the multiset consisting of the pairs {z, 271} of solutions of (5) as {{, (™!}

range over M. Clearly, [M,| = |M| and M;' = M,. In addition, if M = M then
M, = M,, since A in (5) is real.
Our interest in the deformation M —— M, is explained by the following lemma.

Lemma 5.1 Let D(z) be a raked self-inversive polynomial of degree 4k — 2 with real
coefficients and such that D(0) # 0. Let M be the multiset of all roots of D and suppose
that both 1 and —1 have an even, possibly 0, multiplicity in M. Then, for every real A # 0,
the deformation My of M is the multiset of all roots of a raked self-inversive polynomial
Dy(2) of degree 4k — 2 with real coefficients.

Proof: We use Lemma 3.3. Since D has real coefficients, we have M = M, so by
Lemma 3.3, we have M = M~! as well. Then M, = M;l and M, = M,, so M, is the
multiset of the roots of a self-inversive real polynomial D, of degree 4k — 2. It remains
to check that

ZC2J'—1:0 for j7=1,...,k—1.

CEM
We have

(z+ x_1)2n_1 = ( 2an—1 ) (z®™ 1 + 272 (6)
1
Since by Lemma 3.3
D= =0 o j=1 k-,

¢eM eM

it follows by (6) that

STCHCHTT =0 for j=1,...,k— L

ceM

Therefore, by (5), we have

ST+ =0 for j=1,.. k-1,

CEM)
from which by (6) we obtain
D= 3 (T =0 dor =Lk,
CEM), CEM)

as claimed. Hence D,(z) is a raked self-inversive polynomial. O

To prove Theorem 1.1 we need another auxiliary result.

13



Lemma 5.2 Let o, 3 € St be such that the interval [SMay (), SMa(8)] is an edge of Ba
and let o/ # ' € S be some other points such that the arc with the endpoints o, ' is
shorter than the arc with the endpoints o, 8 € S'. Then the interval [SMay ('), SMay(8')]
is an edge of Bo.

Proof: Because of rotational invariance, we assume, without loss of generality, that o = 7
and § = —7 for some 0 < 7 < 7/2. Let A(t) be a raked trigonometric polynomial that
defines the edge [SMax(cr), SMax(8)], see Lemma 3.1. Hence A(t) > 0 for all ¢ € S?
and A(t) = 0 if and only ¢t = +7. Let A(t) = A(t) + A(—t). Then A;(¢) is a raked
trigonometric polynomial such that A;(¢t) > 0 for all ¢ € S' and A;(¢) = 0 if and only if
t = +7. Furthermore, we can write

k
Ai(t) =c+ Zaj cos(2j — 1)t

j=1

for some real a; and c. Moreover, we assume, without loss of generality, that a; # 0.
(Otherwise choose k' to be the largest index j with a; # 0 and project Boy, onto Bay,
cf. Section 3.1.) Hence the polynomial D(z) defined by A;(t) = 2=2**1D(z) for z = €,
see Section 3.3, is a raked self-inversive polynomial of degree 4k — 2 with real coefficients
satisfying D(0) # 0. Moreover, the only roots of D(z) that lie on the circle |z| = 1 are '
and e~ and those roots have equal even multiplicities.

Choose an arbitrary 0 < 7/ < 7 and let

cos 1!

A= > 1.

COST

Let D) be the raked self-inversive polynomial of degree 4k—2 whose existence is established
by Lemma 5.1. Since
eiT’ + efiT’ =\ (eiT + 671'7) ’

the numbers ¢ and e are roots of D) of even multiplicity. Moreover, suppose that
z is a root of Dy such that 2| = 1. Then z+ 27! € Rand —2 < z+ 27! < 2. By (5)
and from the fact that A > 1, it follows that there is a pair ¢, (™! of roots of D such that
(+¢teRand -2 < |[(+( Y < 2. Tt follows then that |¢| = [} = 1, which necessarily
yields that {¢,("*} = {€'", 7"}, and hence that {z,27'} = {e'”,e """ }. Therefore, by
Lemma 3.2, [SMog(—7"), SMok(7')] is an edge of Bsy. Using rotational invariance, we infer
that [SMok ('), SMak(B')] is an edge of By, where points o/, 8" are obtained from 7/, —7'
by an appropriate rotation of S™. Il

—i7’

We are now ready to complete the proof of Theorem 1.1.

Proof of Theorem 1.1: In view of Lemma 5.2, it remains to show that one can find an ar-
bitrarily small 6 > 0 and two points «, 8 € S' such that the interval [SMay,(cr), SMo(3)] is

2m(k — 1
an edge of By, and the length of the arc with the endpoints a and  is at least %—5 .
Consider the polynomial

D(z) = (%7 - 1)*

— Z4k—2 _ 222.’{:—1 + 1.

14



Figure 1: The roots of unity (black dots) and their deformations (white dots) for k = 3

Clearly, D(z) is a raked self-inversive polynomial of degree 4k — 2 and the multiset M
of the roots of D consists of all roots of unity of degree 2k — 1, each with multiplicity 2.
In fact, D(z) defines a simplicial face of By, cf. Section 3.4. Note that since By is not
polyhedral, a face of a face of By, does not have to be a face of By.

For € > 0 we consider the deformation D;.(z) of D(z) and its roots, see Lemma 5.1.
In view of equation (5), for all sufficiently small ¢ > 0, the multiset M, of the roots of
D, consists of two positive simple real roots defined by the equation

z+2 1 =2(1+¢)

and 2k — 2 double roots on the unit circle defined by the equation

for j7=1,...,2k—2.

2m
-1
=2(1
z+z ( —f-e)(:os2k_1

The first two of these roots are deformations of the double root at 1 (one of them is
strictly larger and another one is strictly smaller than number 1), while the other roots
are deformations of the remaining 2k — 2 roots of unity.
For € > 0 small enough let ;(¢) denote the deformation of the root
2] .. 2wy
oh—1 g1

for j=1,...,2k—2

¢; = cos

that lies close to (j, see Figure 1. Thus we have

¢ (€) = ¢i(e) = Con—r—je). (7)
Write .
Gi(e) =€ where 0<oa;<2m for j=1,...,2k—2.
Then omj
cosaj = (1 +€) cos 1’

15



and hence

We now prove that the interval
[SMog (1), SMag (k)]

is an edge of By,. We obtain this edge as the intersection of two faces of Byg. The first
face is

conv (SM% (1), ..., SMyy (an_g)) , 9)

which by Lemmas 3.2 and 5.1 is indeed a face of By,. The second face is obtained by a
rotation of (9). Namely, consider the clockwise rotation of the circle |2| = 1 that maps
Ck—1(€) onto (;(€). Because of (7) this rotation also maps (ox—2(€) onto (x(€). Furthermore,
for j=1,...,2k — 2 define

Gle) = €%, where 0< ) < 2m,

as the image under this rotation of (jx_o(€) if j < k, of (j_x_1(€) if j > k + 1, and of
Ck—2(€) if j = k + 1. By rotational invariance, see Section 3.1,

conv (SMgk (o)), ..., SMy (a'QkQ)) (10)

is a face of By as well.
Using (8), we conclude that

o —a; = ct 21 ct 2m) = 3m ctg — ct 2m
PTG T A\ o T T Sok—1 “®or—1
+ O(e) for 1<j<2k-2, j#k+1

and
o =0(1) as e—0+.

Therefore for a sufficiently small ¢ > 0 and j # k + 1, the value of «; is close to and
strictly smaller than «; unless j = 1 or j = k, in which case the two values are equal.
Furthermore, o}, # o; for all j. Thus faces (9) and (10) intersect along the interval

[SMax (a1), SMag(ax)],

and this interval is an edge of Byg. Since a; and oy are the endpoints of an arc of length

% — 2
k1 2

the statement follows. O

Proof of Theorem 1.3: 'The upper bound follows by Proposition 2.1. To prove the lower
bound, consider the family of polytopes Boy (X)), where X,, C S! is the set of n equally
spaced points (n is even). The lower bound then follows by Theorem 1.1. O
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6 Faces of By,

In this section, we prove Theorems 1.2 and 1.4. Theorem 1.2 is deduced from the following
proposition.

Proposition 6.1 For every positive integer k there erists a number ¢, > 0 such that
every set of 2k distinct points t1, ..., ta € St lying on an arc of length at most ¢y, is the
set of the roots of some raked trigonometric polynomial A : S* — R,

k k
A(t) = co + Zaj sin(2j — 1)t + ij cos(2j — 1)t.

i=1 j=1
To prove Proposition 6.1, we establish first that the curve SMy(t) is nowhere locally flat.
Lemma 6.2 Let

SMo(t) = (cos t, sint, cos3t, sin3t, ..., cos(2k — 1)t, sin(2k — 1)t>

be the symmetric moment curve. Then, for every t € R!, the vectors

d d2 d2k—1
SMue(t), 2 SMae(t), 25SMar(t), -y~ SMan (1)

are linearly independent.

Proof: Because of rotational invariance, it suffices to prove the result for ¢ = 0. Consider
the 2k vectors

d d2k—1
SMo(0), ESM%(O)’ el WSM%(O)’
that is, the vectors
a; = (—1)1(1, 0, 39,0, ..., 0, (2 — 1)2j) and
b, = (~1) (0, 1, 0, 39+ (2k — 1)FH, 0)

for j =0,...,k — 1. It is easy to see that the set of vectors {a;,b;:j=0,...,k—1}
is linearly independent if and only if both sets of vectors {a;,j =0,...,k—1} and
{bj :j=0,...,k—1} are linearly independent. And indeed, the odd-numbered coor-
dinates of (—1)7a; form the k X k Vandermonde matrix

11 1 .. 1
132 52 .. (2k—1)?
1 g2 gz (gf— 1)2k-2

while the even-numbered coordinates of (—1)7b; form the k£ X k& Vandermonde matrix

17



1 3 5 ... (2k—1)

1 33 5. (2k — 1)3
gl g2l (2k _"1')2k_1
Hence the statement follows. O

Next, we establish a curious property of zeros of raked trigonometric polynomials.

Lemma 6.3 Let

k k
A(t) =cy + Z a;sin(2j — 1)t + Z bjcos(2j — 1)t

be a raked trigonometric polynomial A : S* — R that is not identically 0. Suppose that
A has 2k distinct roots in an arc Q2 C S' of length less than w. Then, if A has yet another
root on S', that root must lie in the arc Q + 7.

Proof: Consider the derivative of A(t),

A'(t) = a;(2j —1)cos(2j — 1)t — > b;(2j — 1)sin(2j — 1)t,

it

as a map from S! to R. Substituting z = €%, we can write

AW) = i P(2),

where P(z) is a polynomial of degree at most 4k — 2, cf. Section 3.3. Hence the total
number of the roots of A’ in S', counting multiplicities, does not exceed 4k — 2.

Let tg, ¢ € € be the roots of A closest to the endpoints of 2. By Rolle’s theorem, A’
has at least 2k — 1 distinct roots between ¢y and ¢; in Q. Since A'(t + 7) = —A'(¢), we
must have another 2k — 1 distinct roots of A’ in the arc 2 + 7 between ¢y + 7 and ¢; + 7,
see Figure 2.

Suppose that A has a root z € S' outside of Q U (€ + 7). Then either z lies in the
open arc with the endpoints ¢y and t; + 7 or z lies in the open arc with the endpoints #;
and ty + 7. By Rolle’s theorem, A’ has yet another root in S* between t, on z in the first
case, and between z and ¢; in the second case, which is a contradiction. O

We are now ready to prove Proposition 6.1.

Proof of Proposition 6.1: First, we observe that for any 2k points ¢;,...,ty € S! there
is an affine hyperplane passing through the points SMyy(%1),. .., SMox(t2;) in R2* and
hence there is a non-zero raked trigonometric polynomial A such that A(t;) = ... =
A(tar) = 0. Moreover, if t,...,ty are distinct points that lie in an arc 2 of length
less than 7 then the hyperplane is unique. Indeed, if the hyperplane is not unique then

18



Q+T11

0 b
Q

Figure 2: The roots of A (black dots) and roots of A’ (white dots)

the points SMok(t1),...,SMog(tex) lie in an affine subspace of codimension at least 2.
Therefore, for any point tory1 € Q \ {t1,...,%a} there is an affine hyperplane passing
through SMog(t1), ..., SMog (tox+1) and hence there is a raked trigonometric polynomial
that has 2k + 1 roots in {2 and is not identically 0, contradicting Lemma 6.3.

Suppose now that no matter how small ¢, > 0 is, there is always an arc Q C S! of
length at most ¢, and a non-zero raked trigonometric polynomial A of degree 2k — 1 that
has 2k distinct roots in Q and at least one more root elsewhere in S!. By Lemma 6.3,
that remaining root must lie in the arc 2 + 7. In other words, for any positive integer
n there exists an arc Q, C S! of length at most 1/n and an affine hyperplane H,, which
intersects SMoy (€2,,) in 2k distinct points and also intersects the set SMyy (€2, + 7). The
set of all affine hyperplanes intersecting the compact set SMo (S!) is compact in the
natural topology; for example if we view the set of affine hyperplanes in R* as a subset
of the Grassmannian of all (linear) hyperplanes in R**1. Therefore, the sequence of
hyperplanes H,, has a limit hyperplane H. By Lemma 6.2, the affine hyperplane H is the
(2k—1)th order tangent hyperplane to SMyy, (S') at some point SMyy, (t9) where £ is a limit
point of the arcs €2,. Also, H passes through the point —SMyy (¢y). The corresponding
trigonometric polynomial A(t) is a raked polynomial of degree at most 2k — 1 that is not
identically 0 and has two roots ¢y and ¢y + 7 with the multiplicity of ¢, being at least 2k.

Let
k k

A(t) =co+ Zaj sin(2j — 1)t + ij cos(2j — 1)t.

j=1 7j=1

Since A(ty) = A(ty + m) = 0 we conclude that ¢y = 0. This, however, contradicts
Lemma 6.2 since the non-zero 2k-vector

<b1: as, b2: a2, "'abk, a’k)
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turns out to be orthogonal to vectors

d d2k71

SMyy (tg), —SMoy (tg), ..., —=—SMy; (o) -

ok (t0) = 5Mak (b0) s -, o SV (t0)
O
Proof of Theorem 1.2: Let ¢ > 0 be the number whose existence is established in
Proposition 6.1. Given k distinct points t1,...,%; lying on an arc of length at most ¢y,
we must present a raked trigonometric polynomial A that has roots of multiplicity two
at t1,...,t and no other roots on the circle. In geometric terms, we must present an

affine hyperplane that is the first order tangent to the points SMo(¢1), ..., SMok(tx) and
does not intersect SMy(S') anywhere else. As in the proof of Proposition 6.1, such a
hyperplane is obtained as a limit of the affine hyperplanes that for every 7 = 1,...,k
intersect SMg,(S?) at two distinct points converging to ¢;. O

Proof of Theorem 1.4: 'The upper bound follows by Proposition 2.2. To prove the lower
bound, consider the family of polytopes Bay(X,), where X,, C S! is the set of n equally
spaced points (n is even). The lower bound then follows by Theorem 1.2. In fact, one
can show that ¢;(2k) > 277: to obtain this inequality consider the polytope By, (Z) where
Z=YU(Y +m)and Y lies in an arc of length at most ¢, as defined in Theorem 1.2. O

It was observed by G. Ziegler [24] that the bound ¢;(d) > 277 can also be obtained
by considering the family of cs polytopes P, = conv(Q, U (—Q,)), where @, is the d-
dimensional cyclic polytope whose vertices are (7,2, ...,i%) for 1 <7 < n.

7 Concluding remarks

We close the paper with three additional remarks on the face numbers of centrally sym-
metric polytopes and several open questions.

7.1 The upper half of the face vector

Theorems 1.3 and 1.4 provide estimates on fmax(2k, n; j) — the maximal possible number
of j-faces that a cs 2k-polytope on n vertices can have — for 7 < £ — 1. What can be
said about fmax(2k,n;j) for j > k? Here we prove that for every k < j < 2k, the value
of fmax(2k, n; j) is of the order of n*.

Theorem 7.1 For every positive even integer d = 2k and an integer k < j < 2k, there
ezist positive constants v;(d) and I'j(d) such that

fmax(d, n; j)

75(d) +o(1) < R) <Tj(d) +o(l) as n— +oco.
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Proof: The upper bound estimate follows from the Upper Bound Theorem [16] which
holds for all polytopes. To verify the lower bound, consider a cs 2k-polytope P, on n
vertices that satisfies fy_i(P,) = fmax(2k,n;k — 1). As in the proof of Proposition 2.2
we can assume that P, is a simplicial polytope. Let

B(Pa) = (o(Pa), Bi(Pa), -, hoa(Pn)
be the h-vector of P, (see for instance [23, Chapter 8]), that is, the vector whose entries
are defined by the polynomial identity

d

D (P = Z fic1(Py)(z — 1),

=0

Equivalently,

i .
fira(Pa) =) (;’:_;) hi(P,), §=0,1,...,2k. (11)
=0

The h-numbers of a simplicial polytope are well-known to be nonnegative and symmetric
(23, Chapter 8], that is, h;(P,) = hox—,;(FP,) for j = 0,1,...,2k. Moreover, McMullen’s
proof of the UBT implies that the A-numbers of any simplicial 2k-polytope with n vertices
satisfy

Cok4j—1 .
@-g(" ;” ):O(nﬂ), for 0<j<Fk.

Substituting these inequalities into (11) for j = k — 1 and using that
fro1(Py) = fmax(2k, n; k — 1) = Q (n)

by Theorem 1.4, we obtain
he(Py) = Q (n).

Together with nonnegativity of A-numbers and (11), this implies that
fmax(2k,n; j) > fj(P,) = Q (n*) forall k<j <2k,

as required. O

7.2 2-faces of B

We provide some additional estimates on the extent to which Bg is 3-neighborly.
Theorem 7.2 Let ti,ts,t5 € R be such that the points z; = e, z = €2, and 23 = €'

are distinct and lie on an arc of the unit circle of length at most arccos(1/8). Then the
conver hull of the set {SMg(t1), SMg(t2), SMe(t3)} is a 2-dimensional face of Be.
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Proof: Asin Proposition 6.1 and Theorem 1.2, the proof reduces to verifying the following
statement:

Let z1,---,2¢ € C be distinct points that lie on an arc of the unit circle |z| = 1 of
length at most arccos(1/8). Let D(z) be a raked self-inversive polynomial of degree 10
such that D(z;) = 0 for j = 1,...,6. Then none of the remaining roots of D has the
absolute value of 1.

Let z7, 23,29, and z19 be the remaining roots of D (some of the roots may coincide).
Let ® be an arc of the unit circle |z| = 1 of length [ < arccos(1/8) that contains z1, . . ., 2.
Consider the line L through the origin that bisects ®. Since D is a raked polynomial, we

must have
10 10
Y z=) 2=0, (12)
7j=1 7j=1
cf. Lemma 3.3. Let ¥; be the sum of the orthogonal projections of 2y, ..., z5 onto L and
let 35 be the sum of the orthogonal projections of z7,--- , 219 onto L, so

21 + 22 =0.
As cosl > 1/8, we have cos(l/2) > 3/4, and hence

3 9
So| =34 >6-2 =2, 13
|2| |1| 4 2 ( )

Therefore, for at least one of the roots of D, say, zg we have |z9] > 1. Then, for another
root of D, say, z19 we have |z19| = 1/|z9| < 1, cf. Lemma 3.3. If |27| > 1 then |25 < 1 and
we are done. Hence the only remaining case to consider is |2;| = |zs] = 1. In this case,
by (13), we should have |z9| > 2. Using that 219 = 1/Z5 we obtain

8 8
12+ 2% = |28+ 12 > 8= I[P = | Y4,
7j=1 7j=1

which contradicts (12). O

7.3 Lower bounds for c;(d)

I. Bérdny [1] suggested to the authors to look at the following family of polytopes as a
source of cs polytopes with many faces. Consider R?* as a direct sum of k copies of R?:

R*=R’®...0R?,

and let C; denote the unit circle S* C R? in the ith copy. Let n = km be the multiple of
an even integer m > 4 and let X; C C; be a set of m equally spaced points. Define

k
P, := conv (U Xi> .
i=1
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In other words, P, is the join of k cs m-gons. Thus P, is a c¢s 2k-dimensional polytope
with the property that for every subset of indices I C {1,...,k} and a choice of points
x; € X;, one for each ¢ € I, the set conv (z; : i € I) is a face of P, ;. Hence

-
Ji (Paj) 2 (jL) (%)J for 0<j<k-—1,

which gives the bound
k(k—1)---(k—3J)
JRES!
We note that for j = 1 the obtained bound ¢;(2k) > 1 — k! is weaker than the bound
c1(2k) > 1 — (2k — 1)~ of Theorem 1.3. Also for j = k — 1, the obtained bound

cx—1(2k) = k!/k* ~ e * is weaker than the bound c¢;_;(2k) > 2% following from the proof
of Theorem 1.4. Still, we can conclude that for any fixed j,

¢;(2k) >

lim ¢;(2k) =1.

d—+00

7.4 Open questions
There are several natural questions that we have not been able to answer so far.
e It seems plausible that 1 in Theorem 1.1 satisfies

2% -2
Top—1 ™

Vi

but we are unable to prove that.

e We do not know what is the best value of ¢ in Theorem 1.2 for £ > 2 nor the
values of ¢;(d) in Theorem 1.4.

e The most intriguing question is, of course, whether the class of polytopes Bog(X)
indeed provides (asymptotically or even exactly) polytopes with the largest number
of faces among all centrally symmetric polytopes with a given number of vertices.
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