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1. (10 points) Evaluate the following integrals. Show your work. Simplify and box your answers.

(a) /xz(l +x)%92% dx

Solution:

(a) Substitution: = 1 +x, du = dx.

/xz(l +x)22 dx = /(u - 12?22 gy = /(142 —2u+ 1)u*?du
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2. (10 points) Evaluate the following integrals. Show your work. Simplify and box your answers.

VT
(a) / e dx
0

Subst. W= xl

x={m & w=T
Aw = 21X dx (=0 © w20
%Aw: X Ax
T, ¢ i
L:j xteX . xdx = -,_'—[o we dw
s iy pars urw  dveedo
[ pors o] int oy p = K
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dx

®/3)'° (1+tan? (x*1)) "/
ﬁn;ﬁ}m 0.9

Solution:

(b) Substitution: u = x"!, du = 0.1x %%dx, 10du = x "?dx. New limits: u = /6 and u = m/3.

(2/3)" (1 + tan? (xo,l))”l /3 5 12
/(Jrfﬁ}“’ 09 dx:j?rfé (1+tan” (1)) '~ 10du

m/3
= f 10secu du
m/6

ﬂ'lr'l.}
= 101n|secu+tanu||
T/6
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3. (10 points) In this question, you do not need to show work or to justify your answers.

Parts (a) and (b) below are not related.

(a) Suppose f(x) is a continuous function defined for all real numbers x, and A(x) = ] f(r)dr.
0

i. For what values of x is the graph of the curve y = A(x) increasing?
Choose one of the following: — ’

E’T’where flx)>0 When A\0ﬁ) 72 —_
W Ao by TTCL

[0 where f'(x) >0
O where f"(x) >0

ii. For what values of x is the graph of the curve y = A(x) concave up?

Choose one of the following: — o
hen

O where f(x) >0 w A (x) 79

)
o where f'(x) >0 M -A“(x) = ,(6(3

O where f"(x) >0

(b) A particle is moving along a line with velocity v(r) = > — 8¢ 4 15.
During which of the following time intervals is the displacement of the particle during that
interval equal to the total distance traveled during that time interval?
Choose all that apply.

i<i<3 K (e b)Y whex S: Vie)dt = flvmloﬁt
Hzsrss v [ob] aen 3®) 20
Jooros Viey= (E3DGE-3N 20 1[\31 te3 atary

Vs5<i<7
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4. (10 points) A region is bounded by the function
x=yln(y+1),

the x-axis and the line x = In2. Note that wheny =1, x = In2.

Find the volume of the solid of revolution obtained by rotating the region about the x-axis. Give the
answer in exact form or as a decimal number with 5 significant digits.

Solution:

1
Volume = [ 27y(In2 —ylIn(y+1))dy
Jo

1 1
- / (271n2)ydy — / 27y? In(y + 1)dy )
0 0
We compute the first integral.
1 O
/ (271n2)ydy = (2nln2)—y" — 7In2.
0 2" o
For the second integral in (1), we use the substitution u = y+ 1.
1 2
/ 212 In(y + 1)dy = / 27 (u—1)?Inu du
0 Ji
Then we apply integration by parts.

2 1 2 2; 2 1
/ 27 (u— l)zlnu du=2n—-(u— I)3lnu - / (u— 1)3—du
J1 3 1 3/ u

2 2K (2, , 5 1 2 27r/2 5
=Sam2—=2 | (B -3P+3u—1)=du=xln2-== [ (12— i
37rn 3 /I (u” —3u”+3u )udu 37rn 3, (u —3u+3—1/u)du
:%n’an—%(%143—%tl2+3u—ln|u|> ;
2 2z (1 3 2% {1 3
oS Tt (Y PG = fae e e
37tln2 3 (3 8 5 4+3-2 ln->+ 3 (3 2+3)
hY/4
= - D s
37tln.. 9

The volume is

-+ kY4 5 |
= = i =l ~ 1.01947
win2 %nln2+ 9 71'( 3]“2) 1.01
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5. (10 points) Suppose A is the annulus with inner radius 1 and outer radius 2, centered at (0,0). Let B
be the part of A in the first quadrant, as shown in the picture.

Find the center of mass of B, assuming constant density. Give your answer in exact form or in the
decimal form with at least 5 significant digits.

Hint: It is OK to use symmetry.

Solution: The area is R

}t( 22 —m1%) =3n/4

e [ (V) () Yo 3 iy

=3/2+;(4.\~—,r‘/3)‘?=3/2+(4—4/3)-(2-1/6):%
1 2
M\.:/0 .\'(\/4—x3—\/l—.\"-')dx+/l- xV4—xidx

2 1
=] x4 —.\'2(1.\'—/ xV 1 —x2dx
0 0

For the first integral, we use the substitution u = 4 — x2, du = —2xdx, xdx = —(1/2)du, with the new limits
u=4and u=0.

0 8

2 0 _. 1 2 %4
/.\'\/4—.\‘341.1': / u'*’z(—l/2)du:—;;ul"
0 Ja 3

For the second integral, we use the substitution u = 1 —x?, du = —2xdx, xdx = —(1/2)du, with the new
limits # = 1 and u = 0.

| 0 1 2 5510 1
/.r\/l—.lrzd,\':[u"‘z(—l/2)(1u:——~—u"/’Z = -
0 N 2:3 173
Hence
g I 7
W=3"33

The center of mass is

9’97

28 2
("8 '8) ~ (0.990297,0.990297)

By symmetry, M, = M, so full credit should be given if only one of the moments is computed and then the
symmetry is applied.
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6. (10 points) A rope weighing 0.3 pounds per foot was tied to a robot and it was used to lower the robot
into a 30-foot deep well.

The robot will get out of the well by climbing up the rope at a constant speed, with the end of the rope
still tied to the robot.

At the beginning of the climb, the robot weighs 20 pounds, but it will burn fuel at a constant rate and
will lose 3 pounds of fuel during the climb.

Compute the work that the robot will do in climbing up to the top of the well.
Le)f N, doa 6t ‘/\&K(d' dS rolo'f— alsve bothou Of‘ﬁ’eu. C 1333

O cye0 M
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g Go-oty) te, audif will oy m;‘l —_—
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7. (10 points) Let R be the region in the first quadrant below the parabola y = —x* 4 4x.

Find the value of ¢ > 0 for which the graph of the parabola y = cx* divides the region R into two
subregions of equal area.

Hint: Draw a picture and find the intersection points.

Groeh: Y= -—x'+Ux = ~x (x~u)
T D

Ly= -x2“+‘-{x

Inter sections: Cx* = -k +x
(4t ~4x = O
x((+c)x -4) = 0

- ¥
= ‘O) -":a
m
Total Aveas A= g:~xl+qx dx = (‘%34,2;&)(0
5 wilpgys 32
3 3

e
< fo (~+4x) ~cit de

Y
(- 1+ +23)] -

— et = .
=~ * 2
e _ 32
2 T T2 (e

CH‘C).L = L
[+C = \]'i (C>O, no T "\CW)
C=J2 -1
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8. (10 points) (a) Set up a definite integral for the arclength of the curve y = 3x* for 0 < x < 1. DO
NOT EVALUATE THIS INTEGRAL.

dy
p.
L= [°]r (B a

= jol J 1+ gixt dx

(b) Approximate the integral in part (a) using the Trapezoid Rule with n = 3 subintervals. Give your
answer in exact form (in terms of square roots, not decimals).

- 9x*

- - b=a_ 1L
a=0, 5=|)n—3) AX = v T3

X,z a+ibx, O=(<£3

Z =
¥o = O K‘:%J ;(,_:-3-_- K‘S-‘

2 J

Apdy TmpRue o FRW= | (+F1s*
T, = 55_’5 (F(xoji-z&?(mj £2LF(%) + FCK&))

= —IG(.[ (40 +21_GT - le+l(. +MJ

= L—‘G (1+ 21z +zﬂ?+fﬁ-ﬂ

~ 3.5 16T
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9. (10 points) Find the solution to the differential equation
Y =xy(y—1)

that satisfies the initial condition

¥(0) =-1.
Give your solution in explicit form, y = f(x).

\
St‘o-ﬂklnlt, -, g ‘ff\‘{l'l) = g X dx

pekd feeckoy: 1 = k.3 kg3
Yy ¢ Y 700

g=Uo Bet e Al

1u3«;&;¢,]¢: K ‘T} 4 ;{-‘:( oly = S)u\k -5

1

-1 R
‘jn|7|1}u|7—l| = !1', +tC = /eu] xy—lr- {+C
[
C Xy [4
=) ‘—-7! - ie‘eza‘b..é("
2

y ; Y@= -1= -[=1-D
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10. (10 points) A large vat initially contains 2000 liters of milk with 2% milk fat (by volume).
Milk with 4% fat is pumped into the vat at a rate of 20 liters per minute. The milk in the vat is kept
thoroughly mixed, and is pumped out of the vat, also at a rate of 20 liters per minute.

(a) What is the percentage of milk fat in the vat after 20 minutes?

Let t= twg (M mw) 5(&): volwme of Fab ™M vast (wm8)

]

(Mcom\\j u?:\g) _
:<20 'Q":f{f\"k J( 0.0% I——i‘f—) (10 m.\ﬂ- j—'.‘t%‘.k)

>

[y . (2
-y o
% P

: ¢
go-y = Ce ™' (wheeCsie )

ylo) =(2%) (20090) = 4O =40
y= 80 -4o e Yoo
(o) = §o-4oe " — Tofut @ 210 3
J =7 409 o :{1.3@15*3?5%)

~ 4750770 £ T
(b) How many minutes after the initial time is the percentage of milk fat in the vat equal to 3%?

Wamt 225:') . 1009 =. 2%
5(&) =60 2

= ~(cO Q,,\(Y,J

= [00Qn L

x 0R.3I47TI8 wmm
= ;




