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Tradition!
• One Definition of Tradition:  A specific custom or practice of 

long standing. (World English Dictionary)

• A few years ago, I got involved in some writing and discussion 
of math curriculum, including Algebra.  One popular 
contention was that schools should return to a “Traditional 
Algebra” course.  

• This raised my curiosity. As a mathematician, my instinct is to 
ask for definitions.  What do we mean by Traditional Algebra?  
Is this a well-defined concept?  Is there a practice of long 
standing in American schools?

• So I decided to try to take a look.
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Tradition?

There must some kind of tradition or common 
experience, since we can make jokes about it.  
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Tradition Part 1: My HS Math

Actually Senior Year, so not Algebra 1

Tuesday, January 7, 14



My Algebra 1 Text 
• I am old enough for my 

school math to have 
been really traditional, 
whatever that means. So 
I started with my own 
Algebra 1 book (grade 9, 
Isaac Litton Jr High 
School, Nashville, 
Tennessee). 

• This book is copyright 
1956 and was a new 
copy when I took 
algebra.

• Here are some problems.
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Some ratio problems
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Linear Equations
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And got lots of practice
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Plus, how to compute square roots by hand
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And the Calvin Problem!
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Seriously, what do we see?
• The introduction to the book says

[The text] has made balance and equation its keynote.  Since the 
equation is the basic concept of mathematics, and particularly of 
algebra, the authors have introduced it at the very start.  
Throughout the text the first emphasis is on understanding.  The 
“why” of every concept .. is then followed by a complete 
explanation of the “how”.

• What does it include:  equations, polynomials, radicals, fractions, ratios and 
proportion.  

• It has almost no graphing.  There is one page of graphing of systems of 
equations and then one parabola on almost the last page of the book.

• The word function does not appear in the text. Nor does logarithm, 
compound interest, or sequences or series.
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Tradition Part 2: The 19th Century

This Algebra text by 
Charles Davies was one 
of the earliest American 
math texts.  It (along 
with another book on 
Geometry) went through 
many editions over many 
decades.
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Davies includes lots of work with symbolic expressions
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And some familiar ratio problems

But some might not be allowed in school nowadays, e.g, #19.
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This  textbook 
by Robinson is 

copyrighted 
1848
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From Robinson’s Introduction

Some apology may appear requisite for offering a new book to the public on the science of 
Algebra ...

But the intrinsic merits of a book are not alone sufficient to secure its adoption, ... . In addition to merit, it 
must be adapted to the general standard of scientific instruction given in our higher schools; it must 
conform in a measure to the taste of the nation, and correspond with the general spirit of the age in 
which it is brought forth.
The elaborate and diffusive style of the French, as applied to this science, can never be more than 
theoretically popular among the English; and the severe, brief, and practical methods of the 
English are almost intolerable to the French. ...

In this country, our authors and teachers have generally adopted one or the other of these schools, and 
thus have brought among us difference of opinion, drawn from these different standards of measure for 
true excellence.

Very many of the French methods of treating algebraic science are not to be disregarded or set aside. 
First principles, theories and demonstrations, are the essence of all true science, and the French are very 
elaborate in these. Yet no effort of individuals, and no influence of a few institutions of learning, can 
change the taste of the American people, and make them assimilate to the French, any more than 
they can make the entire people assume French vivacity, and adopt French manners.

Several works, modified from the French, have had, and now have considerable popularity, but they do 
not naturally suit American pupils. They are not sufficiently practical to be unquestionably popular; and 
excellent as they are, they fail to inspire that enthusiastic spirit, which works of a more practical and 
English character are known to do.

At the other extreme are several English books, almost wholly practical, with little more than arbitrary 
rules laid down. Such books may in time make good resolvers of problems, but they certainly fail in 
most instances to make scientific algebraists.
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Robinson’s Algebra of 1850

These 
topics 
look 
familiar
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The last topics do not look 
like our Algebra course
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Calvin and Hobbes in1850
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A general solution for rate problems

Robinson, p. 102
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An application to clocks

Robinson, p. 103
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The Rest 
of the 

Contents
Robinson, 1850
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Problems from the Equations Chapter

Robinson, p. 89
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Note the 
Ratio 

notation 
and also 

the 
problem 

at the 
bottom

Robinson, p 246
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A text 
from 
1881
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Early Problems in Olney
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Proportion Problems

Olney, p. 310
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Old ratio notation and new
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Observations on the 19th Century
• Quite extensive treatment of formal algebraic expressions.

• Explanations how to calculate roots by hand and how to compute tables.

•  Discussion of special series is quite thorough.

• Colon notation for ratios much in evidence.

• Logarithms and their tables are used.

• Some problems seem very familiar and contemporary, though perhaps 
employing antique cultural references.

• No matrices or determinants (these were 19th century research math).

• No graphs. No functions. No data tables.
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This textbook is 
copyright 1910 
but was reprinted 
in 1917.

Tradition Part 3: Early 20th Century
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Chapter “Identities and Equations of Condition”

Hawkes, et al., p. 52
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Some Algebra Problems with Big Numbers

Hawkes, et al., p. 54
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Graphs appear!

Hawkes, et al., p. 198
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Even graphs of quadratics
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A 1915 Text

“The interest and value of the 
subject are emphasized by 
showing (a) how algebra 
grows out of arithmetic, (6) 
how much easier it is to solve 
problems by algebra than by 
arithmetic, and (c) by 
applying these algebraic 
solutions to countless 
problems of every-day 
experience, as well as to 
those taken from other 
studies in the school.”
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Graphic Representation of Statistics
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Functions mentioned!
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Math Reform in the Teens and Twenties
• There was an effort in math education reform in the early part of  

the 20th Century.

• One of  the leaders, was E. H. Moore of  the University of  Chicago, 
one of  the very top mathematicians of  his day.

• Moore wrote a paper in which he elaborated on the use of  graph 
paper and the function concept in secondary school instruction.

• He advocated learning in “math labs” and promoted the idea of  an 
integrated math curriculum.

• In the end, some of  these ideas (the math labs for example) fell by 
the wayside as impractical when the number of  students in high 
schools increased tremendously during the early part of  the 
century.  A high school education changed from the education 
attained by a small elite, to the education pursued by a large 
population of  students, including many recent immigrants.

• However, the function concept appears in high school at this time, 
and is adopted in some textbooks (though not in MY high school 
Algebra 1 book!).
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Algebra goes to War

During the 
mobilization for 
war, there was 
great interest in 
upgrading the 
math level of 
soldiers
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Interpolation was still an important applied tool

• An important 
challenge in 
the old days 
was 
interpolating 
from tables, 
such as 
tables of 
logarithms 

• or trig tables 
or log trig 
tables.
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The Post-Sputnik New Math

CONTENTS 

Chapter 

1 . SETS AND THE W E R  LINE . . . . . . . . . . . . . .  1 
1- P . S e t s  and Subsets . . . . . . . . . . . . .  1 
1- 2 . T h e N u m b e r L l n e  . . . . . . . . . . . . . .  7 
1- 3 . Addition and Multiplication on the 

Number Slsle . . . . . . . . . . . . . . .  14  

. . . . . . . . . . . . . . .  2 . NUMERALS ANDVARIABLES 19 
2- 1 . Numerals and Numerical Phrases . . . . . .  19 
2- 2 . Some Properties of Addltion and 

MultipLication . . . . . . . . . . . . .  23 
. . . . . . . . .  2- 3 . The Distributive Property 29 

2- 4 . Variables . . . . . . . . . . . . . . . . .  34 

3 . SENTENCES AND PROPERTIES OF OPERATIONS . . . . . . .  41 
3- 1 . Sentences. True  and False . . . . . . . . .  41 
3- 2 . Open Sentences . . . . . . . . . . . . . .  42 
3- 3 . T r u t h s e t s  of OpenSentences . . . . . . .  45 
3- 4 . Oraphs of T m t h  Sets . . . . . . .  : . . .  47 
3- 5 . Sentences Involving Inequalities . . . . .  49 
3- 6 . Open Sentences Involving Inequalities . . .  50 
3- 7 . Sentences WithMore ThanOna Clause . . . .  52 
3- 8 . Graphs of T r u t h  Sets of Compound 

Opensentences . . . . . . . . . . . . .  54 

3- 9 . ~ummarg of Open Sentences . . . . . . . . .  56 
3-10 . Identity Elements . . . . . . . . . . . . .  57 
3.11 . Closure . . . . . . . . . . . . . . . . . .  60 

3-12 . Associative and Commutative Proper t ies  
. . . . .  of Addition and ~ u l t i ~ l i c a t i o i  61 

. . . . . . . . .  3.13 . The Dis t r ibu t ive  Property 66 
3.14 . Summary: Properties of Operations on 

Numbers of Arithmetic . . . . . . . . . .  72 . . . . . . . . . . . . . . . . .  Review Problems 73 

. . . . . . . .  4 . OFEN SENTENCES AND ENGLISH SENTENCES 77 
. . . . .  4- 1 . Open Phrases and English Phrases 77 

. . .  4- 2 . Open Sentences and English Sentences 82 . . .  4- 3. Open Sentences Involving I n e q u a l i t i e s  86 
Review Problems . . . . . . . . . . . . . . . . .  90 

Tuesday, January 7, 14



The New Math brought in new content, perspectives 
and terminology (some stayed around and some not)

- 
F o r  example, ell i r ~ t e g e r s ,  such  as 4, 0 ,  2 ,  are  rational 

numbers; f i nd  examples of r a t i o n a l  num-nerz which are n o t  i n t e g e r s .  - 

i FurLhernore, a l l  rational numbers such  as f, 0 ,  6 ,  a re  real 
- 

i numt;cr;. 

Thi' second questlon remains: Imert- al'c some of the  po :n t s  

I on t n e  n u r n k r  l i n e  which do n o t  co r r ezpond  t o  rational numkers? 

1 I t  wili be  proved I n  a later chapter t h a t ,  f o r  example, t h e  

/ n u r n h e ~  f i  ii an i r r a t i o r l a l  number .  L e t  u s  l o c a t e  she 

points with coord ina tes  f i  and "&, respectively . 

First of a l l ,  we r e c a l l  chat  is a number w h ~ s e  square 

/ is 2 .  YOU may have learned t h a t  the l eng th  of a d i a g o n a l  of o 

I s q u a r e ,  whose s ides  have  l e n g t h  1, is a number  whose square  is 

2 .  (DO you know any f a c t s  about, r i g h t  triangles which will 

help you v e r i f y  th is : ) )  In orde r  to l oca te  a p o i u t  on t h e  number 

l i n e  f o r  a, a l l  we have to do is c o n s t r u c t  a square with side 

o r  length 1 and t ransf 'er  the l eng th  of one of' its diagonals  t o  

o u r  numi~er  l i n e  . T h i s  we can do, as in t h e  f i g u r e  , by  drawing 

a c i r c l e  whose c e n t e r  is at t h e  p o i n t  0 on the number line and 

vyhose radius is t h e  same length as the  d iagona l  o f  the square. 

T h i s  c l r c l e  c u t s  t h e  number l l n e  i n  t w o  p o i n t s ,  whose coordinates 

a r c  the real numbers and -&, respectlve1:r .  

Later  you wlll p rove  t h a t  the number x2 is not 3 r a t i o n a l  

number .  Maybe you bel ieve t h a t  f i  i s  1 . 4 .  Test f o r  yourself 

whether th is  is traile b y  squaring 1.4. Is ( 1 . 4 1 ~  t h e  same 

number as 2: In t h e  same way, test whether f i  is 1 . i l l ;  1.4111. 

The square ~f each  of these decimals is closer t o  2 than the pre- 

ceding, Lut there seems to be no r a t i o n a l  number whose square  i s  

2 .  

[ s e c .  5-11 

Chapter 13 

TRUTH SETS OF OPEN SENTENCES 

13-1. Equivalent Open Sentences 

Throughout t h i s  course we have been solving open sentences,  

that  is, f l n d i n g  t h e i r  t r u th  sets. A t  first  we guessed values of 

t h e  variable which made the sentence true, always checking to 

verify the  t ru th  of the sentence, Later we learned that  cer ta in  

opera t ions ,  when appl i ed  t o  the members of a sentence, yie lded  
' 

other  sentences w i t h  exactly the  same truth s e t  as t he  o r i g i n a l  

sentence. We say that: 

Two sentences are equivalent  if they have the 

same t r u t h  set.  

Our procedure fo r  solving a sentence then consisted of per- 

forming permissible operat ions on the sentence t o  yield an equiva- 

l e n t  sentence whose t r m t h  set is obvious, 

What are such permissible opera t ions?  Let us recall a prob- 

lem from our previous work. 

ESrample 1. Solve 3x + 7 = x + 15. 
This sentence Is equivalent t o  

( 3 ~  + 7 )  + (-x - 7 )  = (x + 15)  + (-x - 7 )  
a 

tha t  is, t o  

2~ = 8, 

This sentence is equivalent t o  

1 1 
( 2 ~ ) ( ~ )  = (B)(g)l 

that  is, to 

x = 4, 

Hence, "3x + 7 = x + 15" and "x = 4" a r e  equiva len t  

sentences,  and the desired trmth set is [ b ] .  

School Mathematics Study Group, Algebra
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Multiple representations of functions and graphing of 
inequalities appeared, and also matrices and vectors

15-2, Systems of Inequalities - - 
In 15-1 we defined a system of equations as a compound open 

sentence i n  which two equations are joined by the conncetive 

"andn. We a180 tntroduced a notation f o r  this .  Carrying the idea 

over to inequali t ies, ,  l e t  us consider systems l i k e  the  following: 

( c )  What would the graph of x + 2y - 4 ) 0 be? You 

recall tha t  we first draw the graph of 

Figure 6 .  

using a dashed l i n e  along the boundary, Why? Then we 

shade the region above the line, since the graph of 
1 

"X + 2y - h > 0", 1.e. of "y > - ~x + 2" , c o n s i s t s  of 

all those poLnts whose ordina te  is greater than "two 
1 more than - 2 times the abscissatt.  I n  a similar way, 

we shade the  region where "y < 2x - 3 " .  Thls IS the 

region below the llne whose equation is "2x - y - 3 = 0" .  

Why is the l i n e  here also dashed? When would we use  a I 

s o l i d  l i n e  as boundary? 

[sec. 15-21 

(b) Imagine a special  computing machine which accepts any 

p o s i t i v e  real number, multiplies it by 2 , subtracts 1 

from t h i s ,  and g ives  out the result. 

(1f you feed this machine the number 17, what will come 

out?  What number does the machine associate with 0 ? 

With -1 ?) 

Draw two parallel real number l i n e s  and l e t  the u n i t  of 

measure on the upper l i n e  be twice that  on the lower l in e .  

Then s l i d e  the lower l l n e  ao that its p o i n t  1 is 

direct ly  below t he  point 1 on the upper l i n e ,  Now for 

each point on the upper (first) line there l a  a p o i n t  

directly below on the second line. (What nwnber is below 

-13 ? Below 13 ? What number is associated with 1000 

by this arrangement?) 

( d )  Draw a line with respect to a set of coordinate axes such 

that its s lope is 2 and its y-intercept number is -1 . 
For each number a on the x-axis there is a number b 

on the y-ax1 a such that (a, b) are the coordinates of a 

po in t  on the  gfven l i n e .  (1f we pick  -1 on the  x-axis, 

t h e  l i n e  associates with -1 what nwnber on the y-axis? 

? With 13 ?) What number is associated with - 5 Figure 2. 

Problem Set  16-lb -- 
1. HOW fan you obtain the graph of "2x2" from the graph of 

rtx2rl ? 

2. HOW cam you obtain the graph of 'l - ~x It from the graph 

1 1 1  21, ? of '5;X 

3. Draw the graph of "5x2" for x between -1 and 1 . 
4, Drsw the graph of ''I *" for x between -10 and 10 . 3x 

5 ,  How can you obtain the graph of 'I-5xztt from the graph o f  

yx*. ? 

6. Explain how you can obtain the graph of "-ax2" from the 

graph of "ax2", where a i8 any non-zero real number. 

School Mathematics Study Group, Algebra
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New Math and Aftermath
• The New Math did not 

succeed in its 
ambitious program and 
was succeeded by 
other textbooks, 
including a back to 
basics movement.

• But despite the 
apparent failure of the 
New Math, some 
concepts and practices 
introduced then are 
still very much with us 
in all our textbooks, 
whether or not they are 
called “reform” or 
“traditional”.  For 
example, functions are 
everywhere in algebra 
today, as in this 21st 
century textbook.
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Patterns in Practice

The local Bullseye store is offering a holiday discount of 10% on
everything in the store. The state sales tax is 5% and the city
tax is 3%, applied to the actual cost of items after the discount.

25. What will it cost Derman to buy the following items?

(a) A coat that lists for $49.99 and a belt that lists for
$12.95?

(b) A CD player that lists for $49.99 and a CD that lists
for $12.95?

(c) An air conditioner that lists for $499.90 and a fan
that lists for $129.50?

1.3 What is a Function? What is not a Function?

Some people like to think of a function as a machine. You supply
an input, the machine follows a rule, and then gives you back
an output.

Rule

Input

Output

The function
is the machine.

The rule is what
it does to the input to
get the output.

Let’s look at an example. “Add 2 to the input” is a rule that
defines a function.

CME Project—Algebra 1 Chapter 5: Functions c©EDC ɏ�!
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Technology
• By my choice of periods for the textbooks, we have not seen the impact 

of technology that is so important today.

• Some skills are not taught at all: using and interpolating tables of 
logarithms and trig functions, algorithms for taking square roots.

• Other topics have come to the fore because of graphing technology.  
When one can easily graph a quadratic or other polynomial, then the 
use of graphical interpretation becomes accessible.  Even “traditional” 
textbooks use graphing in a way that was never seen before the 1970s.

• This it not to mention Computer Algebra Systems, which could also 
cause major changes as they become factors in school math.

• And I have also ignored the internet, even though I found the scans of 
many of the old textbooks using Google!
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Algebra the Math vs Algebra 
the Course

• As a university mathematician, I am also aware that we use the word 
Algebra also to refer to an area of mathematics.  This has also changed, 
but not in the same way as the Algebra Course.

• Starting in the late 19th century, mathematicians started to manipulate 
other math objects, such as permutations, using an analog of 
multiplication.  

• From this, in the early 20th century, Abstract Algebra was born.  This 
focuses on the properties of abstract symbolic systems with operations 
and axioms:  for example, groups, fields and vector spaces.

• So the secondary algebra course from this perspective looks more and 
more like analysis or pre-calculus, while the university Algebra courses 
tend to be about abstract structures even when they are computational 
and applied (no one bothers to say Abstract Algebra).
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Example: A snippet from a 
book on  Algebraic Geometry

180 Chapter 4. Computation in Local Rings

below (meaning that there exists a monomial xα such that xβ ≥ xα for all
xβ ∈ S) has a smallest element.

Exercise 4. Carry out the proof of the analog of Buchberger’s Criterion
for degree-anticompatible orders, using Exercise 3 and the discussion before
the statement of Theorem (4.2).

Exercise 5. This exercise discusses an alternative method due to Lazard
for computing in local rings. Let >′ be the order in k[t, x1, . . . , xn] from
Definition (3.6). Given polynomials f1, . . . , fs, let fh

1 , . . . , fh
s be their

homogenizations in k[t, x1, . . . , xn], and let G be a Gröbner basis for
〈fh

1 , . . . , fh
s 〉 with respect to the >′ consisting of homogeneous polynomi-

als (such Gröbner bases always exist—see Theorem 2 in Chapter 8, §3 of
[CLO], for instance). Show that the dehomogenizations of the elements of
G (that is, the polynomials in k[x1, . . . , xn] obtained from the elements of
G by setting t = 1) are a standard basis for the ideal generated by F in
the local ring R with respect to the semigroup order >.

Exercise 6. Let I ⊂ R = k[x1, . . . , xn]〈x1,...,xn〉 be an ideal such that
dim R/〈LT(I)〉 is finite for some local order on R. Describe an algorithm
which for the input f ∈ R computes the remainder r from Theorem (4.3).

§5 Applications of Standard Bases

We will consider some applications of standard bases in this section. The
multiplicity, and Milnor and Tjurina number computations we introduced
in §2 can be carried out in an algorithmic fashion using standard bases. We
begin by using Theorem (4.3) to prove Proposition (2.11), which asserts
that if I is a zero-dimensional ideal of k[x1, . . . , xn] such that 0 ∈ V(I),
then the multiplicity of 0 is

(5.1)
dim k[x1, . . . , xn]〈x1,...,xn〉/Ik[x1, . . . , xn]〈x1,...,xn〉

= dim k[[x1, . . . , xn]]/Ik[[x1, . . . , xn]]
= dim k{x1, . . . , xn}/Ik{x1, . . . , xn},

where the last equality assumes k = R or C. The proof begins with the
observation that by Theorem (2.2), we know that

dim k[x1, . . . , xn]〈x1,...,xn〉/Ik[x1, . . . , xn]〈x1,...,xn〉 < ∞.

By Theorem (4.3), it follows that this dimension is the number of standard
monomials for a standard basis S for I ⊂ k[x1, . . . , xn]〈x1,...,xn〉. However,
S is also a standard basis for Ik[[x1, . . . , xn]] and Ik{x1, . . . , xn} by Buch-
berger’s criterion. Thus, for a fixed local order, the standard monomials areTuesday, January 7, 14



A computational but abstract 
algebra result from Group Theory

As well as five other families of simple groups, there are 26 “oddities”—one-off simple 
groups that don’t fit into any family. The biggest one of these “oddities” has order 

808,017,424,794,512,875,886,459,904,961,710,757,005,754,368,000,000,000. 

The classification of all simple finite groups was accomplished in the middle and later 20th 
century, being finished in 1980. It was one of the great achievements of modern algebra.114 
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Ancient Traditions 
• Many ideas of algebra go back to the 

civilization of Mesopotamia, and also to 
India and China.

• The first great book of algebra is the book of 
Muhammed ibn Musa Al-Kwarizmi, a 
Persian working in Baghdad 1200 years 
ago. It presented the systematic solution of 
linear and quadratic equations. 

• This book was translated and introduced 
into Europe in the Renaissance.

• Hence the arabic words “algebra” and 
“algorithm” came to English and other 
Western languages.
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Conclusion
• What I have observed from looking at textbooks is that there is a 

tradition in algebra of some topics and problems that persist over 
decades and even centuries.

• But on the other hand, it is also true that our textbooks change in 
substantial ways from decade to decade (not to mention 
difference in perspective from individual authors).  So our algebra 
courses do evolve over the years, whether we are looking at 
conservative or radical approaches to the subject.

• No modern textbook really looks like a textbook of fifty years, nor 
should it.  Though it is interesting and a bit instructive to study old 
textbooks and see how -- for a very long time -- teachers have 
struggled to find the best way to explain algebra to their students.
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Conclusion:  
Another Perspective
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