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The function φ : N → N such that

φ(n) = the number of positive integers which

are ≤ n and are relatively prime to n is called

the Euler’s φ function.

Example φ(10) = 4
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If p is prime then φ(p) = p − 1

If p and q are primes then φ(p·q) = (p−1)(q−1)

(it is true in general that if (m,n)=1 then

φ(m · n) = φ(m) · φ(n) )

Euler ’s theorem: If (a,n)=1 then aφ(n) ≡ 1

mod n
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Consider all the elements of Zn; exactly φ(n)

of them are relatively prime to n, call them

a1, a2, · · · aφ(n). Multiply each element by a :

a · a1, a · a2, · · · a · aφ(n) are all distinct in Zn (i.e

no two of them are congruent mod n) and they

are also all relatively prime to n , therefore

(why ?) they must each be congruent to one

of a1, a2, · · · aφ(n). So

a1 · a2 · · · · aφ(n) ≡ a · a1 · a · a2 · · · aφ(n) mod n

or

a1 · a2 · · · · aφ(n) ≡ aφ(n) · a1 · a2 · · · aφ(n) mod n

Since the elements ai are all relatively prime to

n they can be cancelled and we get

aφ(n) ≡ 1 mod n
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