A= {ai,j}, ’l,] Z 0

B={b;}, i,j>0

C={cj}, 4,72>0, where a1 41-Cij = bijbiv1j41 — bijr1big1
D ={d;;}, 1,j>0, where b1 41-di; = CijCit141 — Cij+1Cit1,)
E={e;}, 4,520, where cipj41-€ij = dijdiy1 41 — dijr1dig
F=... 14,7>0etc

Co,0 €Co,1
Hales’ Identlty is: 6070b1’1b272 + a272d071d170 = det C, where C = C10 Ci11

C20 C21
To establish this formula, start with:
€0,0C1,1 = do,odl,l - do,1d1,0
e0,001,151,152,251,252,1 = (60,061,1 - 00,161,0)(01,102,2 - C1,2C2,1)b1,252,1—
(60,101,2 - 00,201,1)(01,002,1 - 01,102,0)51,1172,2

= (00,001,1 - 00,101,0)(01,102,2 - 01,202,1)51,252,1—

Co,2
C1,2
C292

(00,101,2 - c0,201,1) (01,002,1 - C1,1C2,0)b1,2b2,1+ (00,101,2 - 00,201,1) (01,002,1 - 01,102,0)a2,201,1

= (€0,0€1,1€1,1C2,2 — C0,0C1,1C1,2C21 — C0,1C1,0C1,1C2,2 + Co.1C1,0C1 2621+

—C0,1€1,2€1,0C2,1 + €0,1€C1,2C1,1C2,0 + C0,2C1,1C1,0C2,1 — C0,201,1017102,0)[?17252,1—

a2,2d0,1d1,obl,252,101,1
=detC - 51,252,101,1 - a2,2d0,1d1,obl,252,101,1

Dividing by ¢ 1012021 gives Hales” formula.

There is a similar formula with subscripts interchanged: eg by 2b21 + a22dpodi 1 = detC



There is also a similar formula with the octahedron axis Ao — C11 — Eyo replaced by the
axis CO,O - Cl,l - 02’2, and another one with axis C(LQ - Cl,l - 02’0.

az 2 b2,2 €292
The axis Cpo — C11 — Cap is perpendicular to the plane A= | b1 ci11 dig
€o0,0 do,o €0,0

det A = cg2ba1di o+ c20c01¢1,2 = Co0b12d01 + Co2C10C21
= —Cp,2C2,0C1,1 t C0,2C1,0C2,1 + C2,0C0,1C1,2

a2 2 b2 Co,2
The axis Cyy — C11 — Uy is perpendicular to the plane B = | by1 c¢11 doa
C2.0 dio €0,0

det B = coobaadii + c22C0,1C10 = Co0C1,2C21 + C2.2b1,1d0 0
= —Cp,0C1,1C2,2 + Co,0C1,2C2.1 + C2,2Cp,1C1,0

Co,0 Co1 Coz2
where C = Cio Ci11 C12
Coo C21 C22

detC = egobi,1bap + asadoidi
= eg,0b1,2021 + az2doodi 1

det A — det B =detC



Assuming an error of A (= Acy ;) at Cy; The calculation of the error at Eyy is:

A60,0
A

cood 2,24, co2d Ca,0d €
. ( 0,001,1 + 2,200,0 4 0,201,0 + 2,040,1 O’O>A Let dego =

51,101,1 52,201,1 51,201,1 52,101,1 C1,1
(560,0) : 51,152,251,252,101,1 = CO,Od1,1b2,2b1,2bQ,1 + 62,2d070b171b1,2b2,1+

Co,2d1,ob2,1b1,152,2 + C2,odo,1bl,251,1b2,2 - 60,051,152,251,252,1

= <Co,o(01,102,2 — €19C21) + Ca2(co 011 — 00,101,0)) - by 2bo 1+
<Co,2d1,ob2,1 + C2,od0,1b1,2> : <C171(l2,2 + b1,2b2,1> —det C - by 2ba 1 + ag2do1d1 b1 2021
= (00,0(01,102,2 — C12021) + Ca2(copC11 — Co1C1,0)+

00,2(01,002,1 - 01,102,0) + 02,0(60,101,2 - 00,201,1)> : 51,252,1 —detC - b1,252,1+

(Co,2d1,obz,1 + 02,0d0,1b1,2)01,1a2,2 + a2,2d0,1d1,obl,2b2,1

= (00,002,2 - 00,202,0)51,252,101,1 + 02,0d0,1b1,2a2,261,1 + Co,2d1,052,1a2,201,1 + do,1d1,0a2,251,2bz,1

C0,0C2,2 — Cp,2C20 Cz,od0,1a2,2 00,2d1,0(12,2 az,zdl,odo,l
Then Aegp = <A
51,152,2 52,151,152,2 51,251,152,2 01,151,152,2

bi1b
Start with  Acyjp = A = Ll1722 €, then

a2 2

A [ €0,0€2,2 — €C0,2C20 02,0d0,1 Co,2d1,o d1,odo,1
6070 = + b + b +
a2 2,1 1,2 Cia

This guarantees that Aeg has an expression as a sum of terms, each of which has valuation
> p — ¢, where p is the precision and ¢ = max valuation of b; 1, b22,012,b21,¢11

The important thing is that Aegg - (b11b2.2b12021¢11) belongs to the ideal generated by
b1,2bz,101,17 02,251,201,1, a2,2bz,1C1,17 02,251,21)2,17 51,152,201,1, &2,21)1,101,1; a2,252,201,17 a2,2b1,152,2
There is a similar formula with denominators by ; and b, 5 instead of by o and bg 1:

€0,0C2,2 — €p,2C2,0 Co,od1,1 02,2d1,1 d0,0d1,1
Aegp = — — +

29 b1,1 b2,2 C1,1

)



