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Let m = {x;;}, be the starting plane of indeterminates, and let R = Z|x; ;] be the
polynomial ring with these indeterminates. For each n > 1, let z; j(n) be the n x n

minor with x; ; in the upper left corner. The x; ;(n) satisfy the Dodgson recursion:
For n > 3,

Tip1g+1(n = 2) - 25(n) = zij(n — 1) - @iy (n — 1) = 200 (n — 1) - @ip5(n — 1)

The position of z;;(n) will be designated (7,j,n). Suppose for each ¢,j and each
n > 3, a change is made in the computation of z; ;(n); the computed expressions will
be denoted X; ;(n), i.e. upper case letters. The computation of X; ;(n) has the form:

Xiv1j+1(n—2)-Xi;(n) = X;j(n—1)-Xip1j41(n—1)-(1+€) = Xi jr1(n—1)-Xiy1 5(n—1)

In the following calculations of X; j(n), for each n we need to consider only a finite
number of the z;;, so we may assume thaat R is finitely generated. We need to
construct a ring A in which the computed expressions lie. For each n > 3, and each
position « = (7, j,n)), there will be a new indeterminate ¢,. For each such e,, there
are four “denominators”, as follows:

Y2 = Xiprjp(n—2)
Y21 = Xip1j(n—1)
12 = Xijr(n—1)
yip = Xij(n)

Finally, let A= R[—]

where « varies over all a = (4,7,n)), and the y varies over the four 3/'s just defined.
Conjecture All the computed expressions X; ;(n) are in A.

The calculations and discussion below establish this conjecture for a special case
(two steps). That is, assuming a chnge is made at level n, we show that the changed
expressions at levels n + 1 and n + 2 are in A.

Suppose we pass levels n — 2, n — 1, and the first change is made at level n. To
simplify notation, the variables at level n — 2 will be denoted {a; ;}. Similarly for for
{bi;}, {cij}, {di;}, and {e;;} at levels n — 1, n, n + 1 and n + 2.
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Let R = Z[z; ,0]. Suppose that the computation of C ;, is made as:
a22C11 = (1+€)biibas — biabay

= ag2C11 + by 1bo g€

€
Ci1 = c11+biibeo—
a2 2

(Step 1) The elements D, ; are all in A.

bl,1D0,o = 00,001,1—00,101,0

€
= coolc1n + b1,1b2,2a—) — C0,1C1,0

2,2
€
Doy = doo+ coobro—
a2 .2
Similarly,
€
Dy = dig+coabii—
a2 9
D - d 51,152,26
12 = 1,2 — Co b
1,2022
b1,1b2,2¢
Doy = diy+ CQ,Ob’—’
2,1022

It would seem that Dy, involves a fraction that is not in A, because is not
1,202 2
. b1,1b2,2€ . . . .
in A. BUT IS in A. The ideal (ag2,b;12) does not contain 1, but it does
1,242 2

contain by 1b22. This follows from the identity
b1 1029 = agaci 1 + b1 2ba s

This shows that

Thus
€ €
Do,l = d071 - Co,201,1—b - 00,25271—
1,2 a2 2



Similarly,

€ €
Dl,o = dl,o - C2,001,1b— - 02,0b1,2—
2,1 as 2
We see that Dy and D are A.
For convenience,of notation, let F' = by 1ba2b12ba1, and € = by obyia220. Thus
b1’1b272€ = CL272F5.
01’1 C1,1 + FCLl(S
F
Dia di1+coo—0
ba2
F
DO,l dD,l - 00,2—5
b2
F
Dy dip — C207—0
ba1
Dy doo + coo7—0
bi1

(2) Step 2 Eypisin A

Y
Proof: Let Y = D070D171 — D071D170. Thus E(),O = —-—

b171Y

Cia

. Multiply Y by b1, to get

D1,1 (00,001,1 - C0,101,0) - bl,lDO,lDl,O
- 01’1X1 - U

where X1 = D1,10070, and U = 00’101,0D1,1 + b1’1D071D1,0.

by U

where X2 = b1,1D0,162,0

527100,101,0171,1 + b2,1bl,1D0,1D1,0

52,100,101,0171,1 + bl,lDO,l (01,062,1 - 01,102,0)

Cl,OV - Cl,le

and V = by 1Dy 1¢01 + b1,1Dg1c21



booV = b272b271D1,100,1+b2,2bl,1D0,102,1

b2,100,1 (01,102,2 - 01,202,1) + 52,251,1D0,102,1
Cl’ng + 02,1W

where X3 = b27100710272 and W = —527160,16172 + b272b1,1D0,1

b1,2W = —bl,2b2,100,101,2 + b2,2bl,1bl,2D0,1
= —b1,252,100,101,2 + b2,251,1 (00,101,2 - 00,201,1))
= —b11b22¢02C11 + co1¢12(—b12b21 + b11b22)
= —51,152,200,201,1 + 00,101,2(G2,2C1,1 - 51,152,26)

= X401,1 - 00,101,2G2,2F5

where

Xy = G2,2Co,101,2—51,152,200,2

= a2,251,2d0,1 - 51,252,100,2



A calculation (reversing the steps above), shows that

FY = 517252,252,101,1)(1
b1,2b2,201,1X2
- 51,201,001,1X3

- c1,002,101,1)(4 + 01,002,100,101,2(12,2F5

= C'1,1 <b1,2b272b2,1D1,1CO,0
b1,252,2b1,102,0D0,1

- 51,201,052,100,102,2

- 01,002,1X4) + 01,002,100,101,2CL2,2F5

F
= C'1,1 (51,252,252,160,0 (d1,1 + 02’26_5)
2,2
F
- 51,252,251,102,0 (dO,l - 00,26—5)
1,2

- 51,201,052,100,102,2 — €1,0C2,1Cp,1C1,202,2 + 01,002,1517152,200,2)
+  €1,0C2,1€0,1C1,2022F0

FY = C1,1 (bl,zb2,zb2,100,0d1,1 - b1,2b2,2bl,1C2,0d0,1
- 51,201,052,100,102,2 + C1,0027151,1172,200,2 - 017002,100,101,200272)
+  bi2baicopCa o F 0
- b1,1b2,2C2,000,2F5)
+  €1,002,1€0,1C1,2022F0
= Cuip(xiy) +FZ



where

p(x) = bl,2b2,2b2,100,0d1,1 - 51,252,251,102,0d0,1 - b1,2617052,100,102,2
+ 01,002,1b1,1b2,260,2 — €1,002,1€p,1C1,202 2
Z = 01,1b1,2bz,100,002,25

- 01,151,2172,162,000,25

+ 01,002,100,101,2a2,25 - 01,1@2,261,102,000,25
(1) If we set 0 to 0, then Y becomes y = dpody 1 — dp1dy 0, and we have
b11b2,2b1 2021y = Cl,lp(aj)

Each of these expressions (by1b22b12b21,y, ¢11,p(x)) is a polynomial in the original
ring, Z[z; ], and ¢, ; is indecomposable. Therefore

(2) The expression for Z must now be divided by Cj; The first and second terms
are easy:

€
51,252,100,002,25 = C0,0C2,2—
a2 9
€
b1,2bz,102,002,05 = C20C,2—
29

(3) Let P = (CLOCQJCOJCLQ - 01’161716270&)72)&2’25. USiIlg

c10C21 = ba1 D1 o+ c20Ch 1

co1c12 =b12Dg1 + c92Ch1,



we have

P = ((b2,1D1,0 + ca0 - (b12Do1 + c02C11) — 01,161,102,000,2> a2,2C1,10

= b2,1b1,2D1,0D0,1G2,25
+ b21D1 00201 10220
+  c2,0b1,2D0,1Ch 10220
+ <C2,001,100,201,1 - 01,101,1027000,2>a2,25
= DioDo€
+ D10c020117— b

1,2
+ 2,000,101 17— b

2,1
+ Chrice0co2- (Cia—ciq) - b Eb

12021
(3a) After dividing by C, the first term becomes D;¢Dy;—=—, which is in A.

Cl 1
(After expanding the definitions of D, Dy, this will involve some quadratic and
cubic terms in €.)

(3b) After dividing by C} 1, the second term becomes DLOCO,?bL’ which is in A.
1,2

)

(3c) After dividing by C' 1, the third term becomes 02,0D0,1bi, which is in A.
2,1

)

b1 1bao€
(3d) After dividing by C 1, and using Cy 1 —c11 = 1,1°2,2 , the fourth term becomes
a2 2
b1,1b2,2€ €
€2,0C0,2 * : .
a2 9 b1,252,1
Using the identity:
b1,1ba o€ €
—— =, 1— +by1—
bL2a22 b12 2.2

this becomes

€ €
C20C02 " |Cla7— +bo1— ) —
bl 2 a2 2

which is in A. (Some terms quadratic in € appear.)
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To summarize and clarify the situation, this calculation shows that

FY = Clylp(x) + Cl,lel + FDL[)DOJ €,
where

p(x)

(1) p(x) is the polynomial in Z[x; ;] that results if € is set to 0, and & =G

€ € €

]

A
2) Z; = — is demonstrably in R , )
( ) 1 0171 Y [CLQ,Q b1,2 b2,2

(3) _° s the fraction adjoined to A at this stage. Therefore,
1,1

Y € . .
EO,O = T,l = epp 1 Z1+ DLQDOJE is in A.



Step 3 Ey, isin A
Proof: Let Y = Dy D19 — Dg2D1 1. We must show that Y is divisible by C} 5, and

Y
thus Ey; = o Multiply Y by b; 2, to get
1,2

51,2Y = D1,2 (00,101,2 - c0,201,1) - b1,2d0,2D1,1
= CLQXl —-U

where X1 = d1720071, and U = 00720171d1’2 + b172d072D171.

52,2U = 52,200,201,1611,2 + 52,251,2050,2171,1
= 52,2007201,1611,2 + 51,20[0,2 (017102,2 - 01,202,1)
= 01,1V - C1,2X2

where X, = 51,2d0,202,1 and V = 52,200,2d1,2 + bl,2d0,202,2

52,3V = 52,352,20[1,200,2+bz,3b1,2d0,202,2

= 52,200,2 (01,202,3 - 017302,2) + 52,351,2(10,202,2
= cC12X3+ oW

where X3 = b27200720273 and W = _b27200,20173 -+ b2,3b172d072

51,3W = —51,352,200,201,3 + 52,351,251,3650,2
= —51,3527200,201,3 + 52,351,2 (Co,201,3 - 60,361,2))
= —bigbasco3cia+ Co2c1,3(—b1gboo + b12bo3)
= —bl,2b2,300,301,2 + 00,201,3(612,301,2)

= X 4C12
where

Xy = a23Cp2C1,3 — 51,252,300,3
= a2,3b1,3d0,2 - b1,3b2,260,3
W = (a2,3d0,2 - b2,200,3)61,2 = X5€1,2

basV = c12(X5+ c22X5)

)

= (12 (b2,200,202,3 + 02,2(a2,3d0,2 - 52,200,3))



51,352,352,251,2Y = b1,3bz,sb2,201,2X1
b1,352,301,2X2
- 51,301,101,2)(3

- C1,102,201,2X4

= 01,2 (51,3172,3172,21)1,200,1
51,352,3[?1,202,11)0,2

- 51,301,152,200,202,3

- 01,162,2X4)
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Lemma Let R be a UFD, and A, B, C, and D be four planes of elements of R.
Assume that for every Sylvester diamond, the Sylvester recurrence is true. That is,

Qit1,j41Ci; = bijbivi o1 — bijiabit

bitiji1diy = CijCit1ge1 = Ciji1Cisry

Then dz‘,j . di—&-l,j—i-l — di,j+1 : di+1,j is divisible by Cit1,54+1 in R.

Proof: By a shift of indices, it is sufficient to prove the assertion when 4,5 = 0,0.
That is, let Y = doodi 1 — do1d10. We must show that Y is divisible by ¢; 1, and that
the quotient is in 2. Multiply Y by b, ;, to get

b1,1Y = d1,1 (C0,001,1 - Co,101,0) - b1,1d0,1d1,0
= 0171X1 U

where X1 = d1716070, and U = 00,10170d171 + b171d071d170.

52,1U = 52,100,101,0d1,1+bz,1b1,1d0,1d1,0

52,100,101,0611,1 + b1,1d0,1 (01,002,1 - 01,102,0)
= Cl,OV - 01,1X2

where Xg = blyldo’lcg,g and V = b2,1d1’1C0’1 + b1’1d0710271



52,2V = 52,252,10[17100,1+bz,25171d0,102,1

= 52,100,1 (01,102,2 - 01,202,1) + 52,251,1610,102,1
= CLng + CQ’1W
where X3 = b27100710272 and W = —527100,10172 + b272b1,1d071
bl,QW = —51,252,100,101,2 + 52,251,1 (Co,101,2 - 00,201,1))
= —bi1baaco2ci1 + coac12(—bi2ba1 + b11ba2)
= —51,1b2,200,201,1 + 00,101,2(a2,201,1)
= (a2,260,101,2 - 51,1b2,260,2)01,1

(612,2610,1 - 51,200,2)51,201,1

Thus W is divisible by ¢; 1, then V, then U, and finally Y is divisvble by ¢ ;.

Y

The quotient — will be called epy. By a shift of indices, e; ; may be defined in R
C11

for all 7, j. In this way, the planes are continued indefinitely F, F, G, ... Similarly the

planes can be continued in the other direction B, A, Z,Y, ...



