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Let m = {x;;}, be the starting plane of indeterminates, and let R = Z|x; ;] be the
polynomial ring with these indeterminates. For each n > 1, let z; j(n) be the n x n
minor with x; ; in the upper left corner. The x; ;(n) satisfy the Dodgson recursion:
For n > 3,

Tip1j1(n—2) - 255(n) = x5;(n — 1) - 2101 (n— 1) =2 41 (n — 1) - 241 5(n — 1)

The position of z; ;(n) will be designated (i, j,n). Claim: Ey is in A

Y
Proof: Let Y = DO,ODLI — D0’1D170. Thus E(],o = C_ Mlﬂtlply Y by b1,17 to get

1,1
bl,ly = D1,1(Co,001,1 - C0,101,0> - 51,1D0,1D170
- 01’1X1 - U

where X1 = Dl,lc()’(), and U = 00710170D171 + b1,1D071D170.

52,1U = 52,100,101,0D1,1 + 52,151,1D0,1D1,0
= b2,100,101,0D1,1 + bl,lDo,l (01,002,1 - C'1,102,0)
= C1,0V - 01,1X2

where X2 = bl,lDO,ch,O and V = b2,1D1,1CO,1 + b1,1D0’1C2?1

bz,QV = 52,252,11317100,1 + b2,251,1D0,102,1
ba 1o (01,102,2 — 01,202,1) + by 2b11 Do 12
= 01’1X3 + 02,1W

where X3 = b27160’162’2 and W = —b2,100710172 + b272b171D071

bl,QW = —51,252,100,101,2 + 52,251,151,2170,1
—51,252,100,101,2 + 52,251,1 (00,101,2 - 00,201,1))
= —b11b22c02C11 + co1¢12(—b12b21 + b11b22)
= —51,152,200,201,1 + Co,101,2(a2,201,1)

= XuCi,



where
Xy = a22€Cp,1C1,2 — 51,152,200,2
a22€Cp,1C1,2 — A22C1,1Cp,2 — b1,2b2,100,2

= a2,251,2d0,1 - b1,252,100,2

FY = b1,2bz,2b2,101,1X1
b1,2b2,2C1,1X2
- 51,201,001,1)(3

- c1,002,101,1)(4

= 01,1 (51,252,252,1171,100,0
b1,2b2,2b1,102,0D0,1

- b1,201,0172,100,102,2

- 01,002,1X4)

= 01,1(b1,2b2,2b2,100,0(d1,1)
- b1,252,251,102,0(d0,1)

- 51,201,052,100,102,2 + 01,062,151,152,260,2 - 61,062,100,101,2a2,2)

A calculation (reversing the steps above), shows that
FY = C'1,1(51,252,252,1Co,oah,l - 51,252,2517102,0%,1

- 51,261,052,100,102,2 + 61,002,151,152,260,2 - 01,002,160,101,2a2,2)

= Cl,l.ilﬁ

where
r = 51,252,2172,100,0611,1 - 51,252,251,102,0%,1 - 51,201,052,100,102,2

+ C17002,151,152,200,2 — €1,0€2,1€0,1C1,202 2



(1) If we set € to 0, then Y becomes y = dyody1 — dp1di,0, and we have
61,162,261,262,1y = (1,17

Each of these expressions (by 102201 2021, Y, 1.1, ) is a polynomial in the original ring
Z|z; ], and ¢1 1 is indecomposable. Therefore

s
- = — = €00
F C1,1

(2) The expression for Z must now be divided by Cj; The first and second terms
are easy:

€
51,252,100,002,25 = Co,0C22—
a2 9
€
b1,2bz,102,002,05 = C20C0,2—
az 2

(3) Let P = <Cl7002’1co’16172 — 0171617102700072> a2,2(5. Usmg
c1,0C2,1 = ba1 D1+ c20Ch 1

o112 = b12Do1 + ¢o2Ch 1,

we have

P = <(bz,1D1,0 + C2,001,1) . (b1,2D0,1 + 00,201,1) - 01,101,102,000,2)a2,25
52,151,2D1,0D0,1a2,25

bz,1D1,000,201,1a2,25

02,051,2D0,101,1@2,25

+ o+ A

(02,001,100,201,1 - 01,101,102,000,2> @2,25

D1,0D0,1€

€
+ D1,060,201,1_b
1,2

€
+ c2,0D01C1 07—
b2

€
+ Chic0C0.2 (01,1 - 01,1) b b
1,202.1



(3a) After dividing by C)i, the first term becomes DLODOJCL, which is in A.
1,1
(After expanding the definitions of D, Dy, this will involve some quadratic and

cubic terms in €.)

(3b) After dividing by C} 1, the second term becomes D1,0C0,2bia which is in A.
1,2

)

(3c) After dividing by C' ;, the third term becomes 62’0D0’1bi’ which is in A.

)

b1 1bao€
(3d) After dividing by C 1, and using Cy 1 —c¢11 = ﬂ, the fourth term becomes
a2 2
bleZQE €
C2.0€0,2 * : .
a2 2 51,252,1
Using the identity:
bllb22€ € €
—— =c117— T by —
b12a22 b1,2 a2 2

this becomes

€ € €
C2,0C02 - | Cl,i7— + ba1—
b1,2 2.2 b2 1

Y
which is in A. (Some terms quadratic in € appear.) The net result is that — is in
11
€ € €
the ring R
[a22 b12 521 011
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To summarize and clarify the situation, this calculation shows that

FY =Ci12+Ci 1 FZy+ FD1gDy; - €,

where

(1) z is the polynomial in Z|x; ;] that results if € is set to 0, and % = €00

€ €

(2) Z; is demonstrably in R[ —1, and

a2 2 512 521

(3) C’L is the fraction that is adjoined to A at this stage. Therefore
1,1



Y €
Eyo=—=¢€yo+ 21+ D19gDy1—— is in A.
0,0 Cra 0,0 1 1,001 Cra
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Start with Yy = d0,0dl,l — d071d170. Multlply by b171, to get

51,121 = d1,1 (00,001,1 - 00,101,0) - 51,1d0,1d1,0

= (€171 —U
where Ir = dlylcojo, and u = 00710170(1171 + b171d071d170.

bz,lu = 52,100,101,0d1,1 + bz,1b1,1d0,1d1,0
52,100,101,0d1,1 + bl,ldo,l (61,062,1 - 61,162,0)

= (1,0 + C1,1%2
where To = bleO’lCQ’O and v = b271d1,1C0,1 + bl7ld0710271

52,2?1 = 52,252,1611,100,1 + b2,2b1,1d0,162,1
= 52,100,1 (61,162,2 - 61,202,1) + b2,2bl,1d0,1c2,1

= 1123+ Coqw
where T3 = b27100’102’2 and w = —b27100’101’2 + bQ,Zbl,ldO,l

bng = —b1,252,100,101,2 + b2,2bl,1b1,2d0,1
= —b1,252,1€0,101,2 + b2,2bl,1 (60,101,2 - Co,zcl,l))
= —b1,1bz,200,201,1 + 00,101,2(—51,252,1 + b1,1b2,2)

—51,1b2,200,201,1 + Cp,1C1,202,2C1 1

= T4C11
where x4 = —b; 1022¢0 2 + Cp,1€1 2022 divisible by b; o because
Ty = A22€C1C12 — b1,152,200,2

a22Cp,1C1,2 — A22C1,1C02 — 51,252,100,2

= a2,251,2d0,1 - b1,2bz,100,2



b1,2b2,2b2,101,1l‘1
51,252,201,1352
b1,201,001,1$3

C1,002,1C1,14

C11 (b1,2b2,2b2,1d1,100,0
51,252,251,102,0610,1

51,201,0(52,100,102,2 - 01,002,11'4))

C1,1 (51,2b2,2b2,160,0d1,1
51,252,2b1,102,0d0,1

51,261,052,100,102,2 + 01,002,1b1,152,200,2 - 01,002,100,101,2612,2)

C11 (51,2b2,2b2,160,0d1,1 - b1,2bz,2bl,102,0d0,1

51,201,052,100,102,2 + 01,002,1b1,1bz,200,2 — C1,0€2,1€0,1C1,202 2



The next step. Start with y = EyoE11 — Eo1E1 . Multiply by C} 1, to get

Cihy = Eig (D0,0D1,1 - D0,1D1,0) —Ci1Ep 1B

= D1713§'1 —Uu

where T = E171D070, and u = D071D170E171 + Cl,lEO,lEl,O-
Multiply by c21, to get
Co1u = 02,1D071D1,0E171 + 02,101,1E0,1E1,0

= 02,1D0,1D1,0E1,1 + CLIEO,l (D1,0D2,1 - D1,1D2,0)
= DL()U + DLll’g

where xy = 01,1E0,1D2,0 and v = 02,1E1,1D0,1 + 01,1E0,1D2,1
Multiply by cz,2, to get
Co2U = 02,202,1E1,1D0,1 + 02,201,1E0,1D2,1
= 02,1D0,1 (D1,1D2,2 - D1,2D2,1) + 02,201,1E0,1D2,1
= Dijxs+ Dyjw
where T3 = CQJDQJDQ’Q and w = _02,1D0,1D1,2 -+ 02,201,1E0,1
Multiply by ¢ 2, to get
C12W = —01,202,1D0,1D1,2 + 02,201,161,2E0,1
= —01,202,1D0,1D1,2 + 02,201,1 (D0,1D1,2 - D0,2D1,1))
—C1622D02D1 1 + Do 1Dy o(—c1 2601 + Cra622)
= —01,102,2D0,2D1,1 + D0,1D1,252,2D1,1

= x4D1
where Ty = —01710272D072 + D071D172b272 divisible by C1,2 because

Ty = 52,2D0,1D1,2 - 01,102,2170,2
= b2,2D0,1D1,2 - 52,2D1,1D0,2 - 01,202,1D0,2

= 52,201,2E0,1 - 01,202,1D0,2



01,262,202,1D1,1131
01,202,2D1,11’2
C1,2Dl,0D1,1$3
D1,0D2,1D1,1$U4

D1,1 (01,202,202,1E1,1D0,0
61,202,201,1D2,0E0,1
01,2D1,002,1D0,1D1,2
D1oDs114)

D1,1 (01,202,202,1D0,0E1,1 - 01,202,201,1D2,0E0,1

Cl,ZDl,OCQ,lDO,lDl,2 + D1,0D2,1C1,102,2D0,2

D1,0D2,1D0,1D1,252,2)

D1,1 (01,202,1D0,0D1,1D2,2 - 01,202,1D0,0D1,2D2,1
02,201,1D2,0D0,1D1,2 + 02,201,1D270D0,2D1,1

01,2D1,002,1D0,1D1,2 + D1,0D2,1C1,102,2D0,2 - D1,0D2,1D0,1D1,Qb2,2>



