Solutions to Constrained Optimization Problems

(1) (a) The KKT conditions are

20 > e 4™, 0< 1y
0 < A p
0 = Me™ +e™—20), 0= pux
0 = @7 4 \e™t —
0 = —elm=m) 4 )\em

Equation (5) implies that A = e(®1=222) £ (. Therefore, the first
complementarity condition in (3) implies that e™ + "> = 20.
Adding equations (4) and (5) gives

0=AEe™ +e") — p=20\—p,
so that p = 20\ # 0. Therefore, the second complementarity
condition (3) implies that z; = 0. Hence, (z1,22) = (0,log19)
is the only KKT point. Note that this is a convex programming

problem satisfying the Slater condition and so this KKT point
is the unique global solution.

(b) The KKT conditions are

20 > et 4e" 0< 2y
0 < M\
0 = Me™ +e™—20), 0= pux;
0 = —e®2@1) L \e™t —
10) 0 = el®@721) 1 )\eo

By equation (10), A = —e ®* < 0. But this contradicts the
requirement that 0 < A. Therefore, no KKT point exists.
Nonetheless this is also a convex problem satisfying the Slater
condition. So what is wrong here?!

No solutions exists. The optimal value is 0 but is not achieved.

(d) The KKT conditions are Az = b and z = A’y for some
y € IR™. Multiplying the second condition through by A gives
b = Az = AA"y. Since Nul(A") = {0} the matrix AA” is
invertable (Why?). Hence A = (AAT)™'band z = AT (AAT)~'b.
Since this is a convex problem with a polyhedral constraint

region, this unique KKT point is the unique global solution.
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Done in class.

Q= {(z1,22)7 |2} < 3, 0< 3, }

(a) Since  is of the form given in equation (1) of the notes, we
know that

Ta(zx) Cc {d|Aid <0, forie I(z), Ed=0}.
Now given d € {d | A;.d <0, for i€ I(x), Ed=0}, consider
points of the form x + td for 0 < ¢. For such points we have
Ai(x+td) = Ajx+tAd
A,z
b
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for all i € I(z) and t > 0, and
E(z+td) = FEz+tEd
= FEx
= h
forallt > 0. Fori € {1,...,m} but i ¢ I(z), we know that
A;x < b. Hence there is a t > 0 such that A;.(z + td) < b for
all 0 <t <tforallie{l,...,m} buti¢ I(z). Therefore, d is
a feasible direction for 2 and so must be in Tq(z).
(b) We just showed this in Part (a) above.
(c) The set
UrMa-2)={Ay—2) [0< ) ye}
A>0
is the set of feasible directions for a convex set since for every
yeQand 0 < A<lwehavez+A(y—z)=(1-A)z+Ay € Q.
Since V,(i||z — z|]|) = x — z, we have from Theorem 4.2 that z
solves D if and only if

0< (Vaillz—2|) (z-2)=F-2)T(x—-2) Ve



