
Math 408 Homework Set 7
(1) Show that the functions

f(x1, x2) = x21 + x32, and g(x1, x2) = x21 + x42

both have a critical point at (x1, x2) = (0, 0) and that their associated hessians are positive semi-
definite. Then show that (0, 0) is a local (global) minimizer for g and not for f .

(2) Find the local minimizers and maximizers for the following functions if they exist:
(a) f(x) = x2 + cosx
(b) f(x1, x2) = x21 − 4x1 + 2x22 + 7

(c) f(x1, x2) = e−(x2
1+x2

2)

(d) f(x1, x2, x3) = (2x1 − x2)2 + (x2 − x3)2 + (x3 − 1)2

(3) Which of the functions in problem 2 above are convex and why?
(4) If f : Rn → R̄ = R∪{+∞} is convex, show that the sets levf (α) = {x : f(x) ≤ α} are convex sets

for every α ∈ R. Let h(x) = x3. Show that the sets levh(α) are convex for all α, but the function
h is not itself a convex function.

(5) Show that each of the following functions is convex.
(a) f(x) = e−x

(b) f(x1, x2, . . . , xn) = e−(x1+x2+···+xn)

(c) f(x) = ‖x‖
(6) If fi : Rn → R, i = 1, 2 are convex, show that f(x) = max{f1(x), f2(x)} is a convex function.
(7) Let A ∈ Rm×n and b ∈ Rm, and suppose that f : Rm → R is convex. Show that h(x) = f(Ax+ b)

is convex.
(8) Consider the functions

f(x) =
1

2
xTQx− cTx

and

ft(x) =
1

2
xTQx− cTx+ tφ(x),

where t > 0, Q ∈ Rn×n is positive semi-definite, c ∈ Rn, and φ : Rn → R ∪ {+∞} is given by

φ(x) =

{
−
∑n

i=1 lnxi , if xi > 0, i = 1, 2, . . . , n,
+∞ , otherwise.

(a) Show that φ is a convex function.
(b) Show that both f and ft are convex functions.
(c) Show that for all t > 0 the solution to the problem min ft(x) always exists and is unique.
(d) Let x(t) denote the unique solution to min ft(x) for t > 0. Show that x(t) > 0.
(e) Define u(t) = t∇φ(x(t)). If there exists a sequence ti ↓ 0 and a point (x̄, ū) such that

(x(ti), u(ti))→ (x̄, ū), show that x̄ solves min0≤x f(x).
(9) Show that each of the following functions is convex or strictly convex.

(a) f(x, y) = 5x2 + 2xy + y2 − x+ 2y + 3

(b) f(x, y) =

{
(x+ 2y + 1)8 − log((xy)2), if 0 < x, 0 < y,
+∞, otherwise.

(c) f(x, y) = 4e3x−y + 5ex
2+y2

(d) f(x, y) =

{
x+ 2

x
+ 2y + 4

y
, if 0 < x, 0 < y,

+∞, otherwise.
(10) Compute the global minimizers of the functions given in the previous problem if they exist.
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