FINAL EXAM GUIDE SOLUTIONS
MATH 208A Exam Date: December 13, 2021

The exam will have 6 questions with each question being multipart. As with the midterm exam, the
questions are not equally weighted. The exam covers all of the key concepts introduced in this course.
Specifically, it covers the material in Sections 1.1, 1.2, 2.1, 2.1, 2.3, 3.1, 3.2, 3.3, 4.1, 4.2, 4.3, 4.4, 5.1,
5.2, 6.1, and 6.2 of the text. In particular, this means that the exam does not test on the orthogonality
material covered in class. You are allowed one handwritten 8.5 by 11 sheet of notes is allowed (2-sided is
OK), and you are allowed a nonprogrammable calculator (the Texas Instruments TI-30X IIS is the official
Math Dept approved calculator). A loose description of the content of each question is given below along
with sample questions for the purposes of illustration and practice. The rules for the exam are listed at
the end of this guide.

Question 1: Samples

Our general tool for solving systems of the form Az = b, where A € R™™ and b € R" is to
reduce the augmented system [A[b] to echelon form using the elementary row operations. Since
the elementary row operations are equivalent to multiplying the augmented matrix [A|b] on the
left by an invertible elementary matrix G, we find after the first elementary row operation that
we have the augmented matrix G1[A[b] = [G1A|G1b] and after the second, we have GaG1[A|b] =
G2[G1A|G1b] = [G2G1A|G2G1b], and after k elementary row operations we have

GIAD] = Gi - - GoG1[Alb] = [Gy - - GaG1 A|Gye - - - GoG1b] = [GA|GY),

where G = Gj---GoG1. Now suppose we apply the same elementary row operations to the
augmented matrix [A|I]. The we would get

GIA|I] = Gy -+ G2G1[A|I] = [Gr - - GoG1A|Gy - - - GoG] = [GA|G],

that is, we would recover the matrix G that puts A into echelon form.
(a) Consider the linear system

1y + X2 + 3Bxs + 2x4 + 25 = 2
2¢c1 + 3 + OSx3 + x4 + 25 = -2
4y + 3x9 + 1llzg 4+ 3x4 + 4das = 2
3r1 + 220 4+ 8xz3 + 3x4 + 4z = 0

(i) Write the augmented matrix A associated with this system.
(ii) Compute an echelon form for this matrix.
(iii) Compute a reduced echelon form for this augmented matrix.

Solution:

1 1 3 2 2 1 0 0 0

2 1 5 1 2 0 1 0 0

4 3 11 3 4] 0 0 1 0

32 8 3 4] 0 0 0 1

10 2 -1 0]-—1 1 0 o0

01 1 1 0 0 -2 1 0 echelon
00 O 2 2 2 1 -1 0 form
00 0 0 o0f-1 -1 0 1

10 2 0 1] 0 3/2 —-1/2 0 reduced
601 1 0 —-1|-1 =5/2 3/2 0 echelon
00 0 1 1| 1 1/2 —1/2 0 form
00 0 0 o0 1 1 0 -1




(iv)
(v)

(vi)

(vii)

0 3/2 —1/2 0
-1 —5/2 3/2 0
0

_ 1 : _
Then G = 3 112 -1/ with GA = B where
1 1 0 -1
11 3 2 2 1020 1
21 5 1 2 0110 —1
A=1y3 11 34 2d B=1]y 4591 1
32 8 3 4 0000 0

Write a description of the set of solutions to this system in vector form.

If B is the reduced echelon form for the augmented matrix, compute an
invertible matrix G € R*** such that GA = B.

Let co = (2, —2, 2, 0)7 be the vector given by the right-hand side of the linear
system given above. Compute the vector Gy and explain the relationship of
this vector to the solution set to this linear system.

2 —4
Solution: Write z = G _22 = g . Then the solution set is given by
0 0
solving the augmented system [B|z]. or
1 0 2 0 1| -4
0110 —-1| 6
0001 1| O
0000 0| O
giving the solution set
—4 -2 -1
6 —1 1
O [+t] 1 |+s]| O : s, teR
0 0 -1
0 0 1

Let c; = (1, 1, 1, 2)T. Use the matrix G to describe the set of solutions to
the linear system obtained from the system above by replacing the right-hand
side vector ¢y by the the vector cy.

1 1
Solution: Write G 1 = _12 so the associated augmented system is
2 0
102 0 1| 2
0110 —-1|-2
0001 1 1
0000 0] O



yielding the solutions set

1 —2 1
—2 -1 1
0 +t|1]+s]o0]:steRr
1 0 1
0 0 1

(viii) Suppose the right-hand side vector of the linear system given above is evolving
in time. You are given 1000 right-hand side vectors for the linear system
where ¢; € R?* the right-hand side at time point t; for i = 1,2,...,1000.
Describe a process for solving all of these linear systems by taking the product
of two matrices (Hint: One of these matrices is in R**# and the other is in

R*>10,000),
Ti1
Solution: Write G¢; = iﬁ , 1 =1,2,...,1000 yielding the associated
i3
Ti4
augmented system
1 0 2 0 1 Tl
B:0110—1 ZL‘Z‘Q'
0 0 0 1 1 i3
0 0 0O 0 T

Hence, for every j € {1,2,...,1000} for which x;4 # 0, the system Az = ¢; is
inconsistent (Why?), while for every j € {1,2,...,1000} for which x;4 = 0,
we obtain the solution set

Tl —2 —1
Zi2 -1 1
O | +t| 1 |+s] 0 s, teER
i3 0 —1
0 0 1

(b) Answer questions (i)-(v) of (a) for the linear system

T + x99 4+ 223 + x4 + x5 = 2
1 + 3x9 — 2x3 — 3x4 + by = —2.
2¢1 + bxo — 2x3 — 2x4 + 615 = 2

Question 2: This question concerns the concept of a subspace, linear independence, bases, dimen-
sion. Of particular importance are the subspaces Ran (4) = col(A), Nul (4), Ran (AT) = row(A),
and Nul (AT), how to compute bases for each using (reduced) echelon form, and the Rank Plus
Nullity Theorem.

(a) For the following two matrices compute bases for the subspaces Ran (A) = col(A),
Nul (4), Ran (AT) = row(4), and Nul (AT) and give the dimension of each of
these subspaces.

12 3 2 2
Lo |21 5 12
OA=1y3 11 3 4

32 8 3 4



W = N =

Solution: Compute

1 00 0 3 2 13/2 -7/2 0 4 13 -7 0
01 00 0 1 1 0 -1 112 2 0 -2
GAIGT=10 0 10 —1|-1 -52 322 o] “T3]-2 5 3 o
0001 1| 0 —-1/2 -1/2 1 0 -1 -1 2
Therefore,
2 3 2
21)) , 151 13 is a basis for Ran (A) (or just use the standard basis as A is onto),
2 8 3
-3
0
1 is a basis for Nul (A4),
-1
1
1 0 0 0
0 1 0 0
01,1071, 11,10 is a basis for Ran (AT),and
0 0 0 1
3 0 -1 1
A is onto so Nul AT = {0}
11 1

(i) A= 1|1 3 —2 —3 5
25 -2 =26
(b) For the matrices A in part (a) chose a basis for the row space of A from the rows
of A.
(c) Answer the following questions for the matrices A = [S T] and B = AT where
S € R™™ ig invertible and T' € R™* with ¢t > 1.

Solution: To answer the following questions observe that rank(A”) = rank(A) =
rank(S) = n and nullity(A) = (n + t) — rank(A) = ¢.
(i) Is A onto? Is A one to one? What is the rank of A7 What is the nullity of

A?
Solution: A is onto since rank(A4) = n. A is not one to one since nullity(A) =
t>1.

(ii) Is B onto? Is B one to one? What is the rank of B? What is the nullity of
B?

Solution: B is not onto since rank(B) = rank(A”) = n < n+4t. B is one to
one since nullity(B) = n — rank(B) = 0.
S

(iii) Set L = [O Ij;} where K € R™!. Under what conditions is L both onto

and one to one?

Solution: K needs to be invertible since then L is invertible because det (L) =

det (S)det (K) # 0.
Solution: For (d)-(j) see midterm guide 2



(d) Let A € R?*3 be such that Ran (4) = Span [(})] Give two different examples

of such a matrix A.

(e) Suppose A € R3*3 is such that Ran (A) = Span i , —21 =S.
(i) What is the nullity of A? : "
(ii) Give an example of a matrix A with Ran (A4) = S and 1 € Nul (4).
(f) Let A,B € R™™ be equivalent matrices. Answer the folljwing true or false

questions.
(i) Nul(A) =Nul(B) : O True (O False
(ii) Ran(A) =Ran(B) : O True (O False
(g) Let z € R™ and y € R™ be nonzero vectors and consider the matrix A = zy’.
(i) If A € R®*!, what are s and ¢?
(i) What are rank(A) and nullity(A)?
(h) Compute a basis Ran (4), Nul (A), Ran (A”), and Nul (A") where

1 -1 -3 0]
A= |1 0 2 1
-1 3 —5 2
(i) Compute a basis Ran (A), Nul (4), Ran (AT), and Nul (A”) where
31 2 5 6]
2 014 6
A= 1210 3
2 1 0 3 -3

(j) Let A € R™* and B € RF*™,
(i) If AB € R*** what are s and ¢?
(ii) If rank(A) = n and rank(B) = k, what can be said about rank(AB)?
(iii) If nullity(A) = 0 and nullity(B) = 0, what can be said about nullity(AB)?
(iv) If n = m, and k < n, under what conditions is AB invertible?

Question 3: This question concerns linear transformations and their matrix representation, matrix
algebra including the relationship between matrix multiplication and the composition of linear
transformations, and the inverse of a matrix including its computation, and properties, their use
in solving linear systems including the relationship to echelon form and the equivalence of linear
systems.

(a) Let T : R™ +— R”™ be a linear tranformation. Let {b1,ba,...,by} be a basis for
R™ and suppose that T'(b;) = y; for y; € R", i = 1,2,...,m. In terms of the
matrices B = [by by ... by] and Y = [y1 y2 ...ym| derive an expression for the

matrix A such that T'= Ty, i.e. T(z) = Ax.
Solution: If T'= T4, then AB =Y so A=Y B! since B is invertible.
(b) Let T : R? — R3 be such that

1 3 1
T(el) = —2 s T(eg) = 2 s T(eg) = 0
1 2 1

Find a matrix A such that T'= T4. (Hint: Use the result from part (a) above.)



3 1
Solution: A= (-2 2 0].
2 1
(c) Let T : R? — R? be such that

1 2 1
T(1 :G>,T 1 :G)T 0 :<_21>.
1 -1 -1

Find a matrix A such that T = T4.

1 2 1
Solution: Since the columns of B= |1 1 0 | are linearly independent, we
1 -1 -1
o . 12 -1
know from the observation in part (a) that A = YB™" where Y = 11 9
1 -1 1
The usual computation shows that B~ = |-1 2 —1| so
2 -3 1]
A{12 1] ST B R
11 2 9 _3 1 4 -5 2
1 -1 -3 0
(d) Let A= |1 0 2 1]|.If Bis an echelon form for A, give an invertible
-1 3 -5 2
matrix G such that GA = B. Also give G~ 1.
Solution:
1 2 =2 =2 1 1 -3
G=5|-3 8 5] and G'=|1 0 2
-1 2 1 -1 1 -5

(e) Give an example of a matrix A having no zero entries whose range is

1 1
Span | | 1], | -1
1 1

and has a two dimensional null space.

(f) Let w € R™ and v € R™. Give an example of a matrix A such that Ran (A4) =
Span [u] and Nul (4) = {z € R™ : v72 =0}. What are the rank and nullity of
A?

Solution: A = wv’. rank(A) = 1 since Ran(A) = Span[u] and nullity(A4) =
m —rank(A) =m — 1

Question 4: This question concerns basis representations for subspaces using bases, the coordinate
representation of vectors in a given basis, the computation of coordinate transformation matrices
allowing the transformation of the coordinates of a vectors between bases, and the change of bases
matrices for subspaces of R and their computation.



a) Compute the coordinate transformation matrix for the basis
p
1 —2

1
B=X(-1],(o].,| 4|5},
2 4 1

that is, compute the matrix W such that [x]g = Wy for any vector y € R? where
[z]s € R3 is the vector containing the coordinates of y in the basis B. Then give

1
the coordinates of the vector y = | 2 | in the basis B.
3
1 1 —2]7" [-16 —9 4
Solution: W= |-1 0 4 =19 5 —2| so
2 4 1 -4 -2 1
-16 -9 4 1 —22
Ws=Wy=1]9 5 —2[[2]=113
-4 -2 1 3 -5

(b) Consider the following two bases for the subspace S C R®:

1 1 1 0
1 -1 0 1
Bi={|1], 1]}, B=ZL]|1], [0
1 -1 0 1
1 1 1 0

Compute the coordinate transformation matrix C' such that [y|p, = C[y|p, for all

y € S. Then compute y and [y]s, for [y|g, = . Next, compute the coordinate

—1
transformation matrix C' such that [y]g, = C[y]s, for all y € S. Then compute y

and ol for Ble, = ().

Solution: C = 1 E _11] and O~ = E _11} so [ylg, = Clyls, for all y € S,

and [y]g, = C~[y|p, for all y € S.

(c) Consider the following two bases for the subspace S C R5:

1 1 -1 1
1 -1 ) -3
Bl = 1 5 _9 3 BQ - 8 ’ -5
2 1 1 0

(i) Compute the coordinate transformation matrix C' such that [y]p, = C[y]s,
forall y € S.

OﬂmmwmmwmﬁM&me=<i)

2

Solution: C = [ _21} and C~ ! = [2 1

-3 3 2

[y]g, = Cy]p, for all y € S.

] so [y|g, = Cly|g, for all y € S, and



(d) Do the vectors the sets By and Bs (given below) span the same subspace of R3?

1 0 0 1 2 4
0 1 0 1 1 3
Bi=<l2,]111,|o Bo=< 13|, |5, |11
0 0 1 2 1 3
1 -1 1 2 2 4

If they do span the same subspace, compute the coordinate transformation matrix
C for which [y]p, = Cly]s, for all y € R®. (Hint: Start by trying to compute C
and see what happens.)

1 2 4
Solution: C= |1 1 3
2 1 3

Question 5: This question concerns the determinant of a matrix including its properties, compu-
tation, use, and relationship to linear systems.

(a) Use the properties of the deteminant to compute the determinant of the following

matrices. _
21 2 -7 11 24
1 21 1 =17 2
. 0 01 -1 6 8
DA=10 01 4 -2 -5
0O 0 0 O 2 3
000 0 1 2
. 2 1 -1 2 3| B
Solution: |A]—‘1 2H1 4H1 2‘—3'5-1—15.
1 3 2 1]
oo lo2 41
() B=15 9 _5 0
00 5 6
Solution: |[B|=1-2-(-5)-6 = —60.
1 0 0 1]
0 2 2 0
(iii) C' = 0 2 4 0
-1 00 1

Solution: Reduce

O OO HFE OO
SO N OO N NO
O OO = NO
N OO R, OOR

so|C|=1-2-2-2=8.
(b) Let M = [é g} where A € R®*¢ is invertible, B € R**!, C € R'™* and
D e R™,



. ) I 0| A B

(i) Compute the matrix product [—C’A‘l It:| [C’ D]'
Solution: | 1= . Y|4 B|_|4 "
olution: |~ -1 I,||C D| |0 D-—CA'B|

(ii) Use the computation above to show that det (M) = det (A)det (D—-CA~'B).

Solution:
det (M) =det (| T 01 et (ar)
¢ -\ ~eat ) )

[ I 0] A B

_ det (__CA1 It_)det ([C DD
[ I 0] [A B

= det (_—CA—l I {C DD
[A B

= det ( 0 D- CA—lBD

= det (A)det (D — CA™'B).

(c¢) Let the columns of the matrix B = [by ba,...,by,] € R™*™ form a basis for R™

and suppose that 7' : R™ +— R™ is a linear transformation such that T'(b;) =

y €ER™ i =1,2,....,m. If A € R™" is such that T'= T4 (T4(xz) = Az for all

x € R™), show that det (A) = gg: 83, where Y = [y1, y2,...,yn]. (Hint: Review

the solution to question 3 part (a).

Solution: TA(bl) = Abz, so AB = [Abl, AbQ, ceey Abm] = [[yl, Yo, ... ,ym] =Y
which gives A = YB~!. Therefore, det (4) = det (YB™!) = det (Y)det (B™1) =
det (Y)det (B) L.

Question 6: This question concerns the eigenvectors and eigenvalues of an n x n real matrix. This
includes the eigenspace associated with an eigenvalue, the characteristic polynomial, the compu-
tation of eigenvalues and eigenvectors, the algebraic and geometric multiplicity of eigenvalues, and
diagonalizable matrices and their properties.

-1 -1 0

(a) Compute the eigenvalues and eigenvectors of the matrix A = | 3 1 —1].
-5 -1 2

The give both the algebraic and geometric multiplicity of each of the eigenvalues

of A.

Solution: The characteristic polynomial is p(A) = —A(1 — A\)? so the eigenvalues
are A = 0 with algebraic multiplicity 1 and A = 1 with algebraic multiplicity 2. The

1
eigenvalue A = 0 yields the eigenvector | —1 | giving geometric multiplicity 1, and
2
1
the eigenvalue A = 1 yields the eigenvector | —2 | giving geometric multiplicity 1.

3



10

(b)

2 -1 1
Compute the eigenvalues and eigenvectors of the matrix A = |1 2 1|. The
1 1 2

give both the algebraic and geometric multiplicity of each of the eigenvalues of A.

Solution: The characteristic polynomial is p(A) = (1 — A)(2 — A)(3 — A) so the
eigenvalues are 1,2, and 3 each with algebraic multiplicity 1 which implies that

-1
their geometric multiplicity is also 1. The eigenvector for A = 1is | 0 |, the
1
-1 0
eigenvector for A =21is | 1 |, and the eigenvector for A =31is | 1
1 1
Consider the two matrices
3 =10 0 3 =10 0
1 1 0 O 1 1 1 0
A= 0 0 3 -1 B = 0 0 3 -1
0 0 1 1 0 0 1 1

Compute the eigenvalues and eigenvectors of each and give both the algebraic and
geometric multiplicity of each.

Solution: By using the block diagonal structure it follows that he characteristic
polynomial for both matrices is p(\) = (A — 2)*. So A = 2 is the only eigenvalue
for both matrices. For the first matrix we get two eigenvectors

1 0

and

S O =
— = O

so the geometric multiplicity is 2. For the second matrix is the only eigen-

SO = =

vector so the geometric multiplicity is 1.

Let A € R™™™ and let P € R™™ be invertible. Show that if A € R is an eigen-
value of A with associated eigenvector z, then X is an eigenvalue of B = PAP~!
associated with eigenvector y = Px.

Solution: By = PAP Pz = PAz = APz = \y.

Let v € R™ be such that u’u = 1 and set A = I,, — uu’. Compute the eigenvalues
of A and their associated eigenvectors. In particular, show that A is diagonalizable.

Solution: First observe that A2 = (I — wu’)(I — wu’) = I — uu® — wu” +

uuluu® = (I —uul) = A. Since Au = 0, u is an eigenvector with eigenvalue 0.

Observe that 0 = Aw = w — (u?w)u which implies that w is a multiple of u. Let

{u, wa,ws, ..., w,} be a basis for R”. Then Aw; # 0, i —2,...,n since if Aw; =0
then w; is a multiple of u which contradicts the linear independence of the vectors
{u, wa, w3, ..., w,}. Set w; = Aw; = (I —wu)w;, i = 2,...,n. Then Aw; =

AAw; = A%w; = Aw; = w; so that every w; is an eigenvector of A with eigenvalue



1. Moreover, the vectors w;, ¢ = 2,...,n are linearly independent since otherwise
there exist p; such that 0 = potho + - - + pptin = (I — vu®)(pows + -+ + pnwy)
so that pows + -+ + prwy is a multiple of v which again contradicts the linear
independence of the vectors {u, ws,ws, ..., w,}. Hence the geometric multiplicity
of the eigenvalue 1 is (n — 1) and the geometric multiplicity of the eigenvalue 0 is
1. Therefore, A is diagonalizable with A = PDP~! where P = [u, w2, w3, .. ., wy]
and

M 0 0 ... 0]

0 1 0O ... 0
D=

: 0

10 . 1]
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