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1. (7 total points)

(a) (4 points) A tank is filled with 100 gal of solution which initially contains 50 g of sugar. Solution
enters the tank at a rate of 200 gal/h. Said solution contains e’ g/gal of sugar after ¢ hours. The
well-stirred solution leaves the tank at 200 gal/h. Use the Laplace transform to determine the
amount of sugar in the tank after any time ¢ > 0.

The amount of sugar Q satisfies

Q' = rate in — rate out = 200e " — 200% =200e" —20, 0(0) =50.

Apply the Laplace transform to deduce

200
s+ 1

= Z[200e "] = Z|Q’ +20] = s.2[0] - Q(0) + 2.2[Q) = (s +2).2]Q] - 50,

SO
200 n 50
(s+1)(s+2) s+2

Now compute the partial fraction decomposition of the first term:

Z10] =

! A B Byt (A+2B)
= = S
(s+1D)(s+2) s+1 s+2 ’

so0=A+Band 1 =A~+2B which impliesA =1 and B = —1. Thus

_ 200 50
z {(s+1)(s—|—2) +s+21

= 200(3—1{ ! }—z—l{ ! D+503—1[ ! }
s+ 1 s+2 s+2

— 200e " —150e %,

0

(b) (3 points) Suppose the solution flowing out of the tank mentioned in part (a) flows into a second
tank. Initially, the second tank contains 50 gal of solution with an unknown initial amount of
sugar, and the solution leaves the tank at a rate of 200 gal/h. Use a method of your choice to
determine the amount of sugar in this second tank at any time ¢ > 0. Note: Your answer will
contain an unspecified constant.

The amount of sugar in tank 2, denotes by R satisfies

R
R’ = rate in — rate out = 2Q — 200% = 400e" —300e % — 4R;

we have used part (a) to replace Q. Let us solve this differential equation using integrating
factors (you can also use the Laplace transform):

R'u+4Ru = (400e™" —300e %) u.
so the integrating factor u satisfies pt’ = 4. Thus u = e* is one integrating factor, and

(Re"') = R'e™ +4Re" = (400e™ —300e) ¥ = 400e™ — 300¢%.
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Thus 400 ~ 300
400 5 300

Re* :/400 3 _300e%dt =
e e e 3 2

+C7

so we conclude
B 400

R
3

e —150e % +Ce ™.

2. (6 points) A mass weighing 1 Ib stretches a spring 2 ft. The mass is in a perfect vacuum so there is
no air resistance. Suppose that an external force of llﬁ cos(47) 1b is applied to the mass after # seconds.
Finally, suppose that the mass is displaced by 2 ft upward and then set in a motion with a speed of
1 ft/s in the downward direction. Use the tools from chapter 3 in the textbook (solution formula,
method of undetermined coefficients) to determine the position of the mass at any time ¢ > 0.

Since 1 = w = mg = 32m, it follows that m = 31—2 Next, we know that mg —kL =0, so k = %% = %
Since there is no damping, Y = 0. Thus

1 1 1
3—2u” +yu= 1—6005(4t) = u" + 16u = 2cos(4t)

The initial conditions are u(0) = —2 and /(0) = 1.

We first determine the solution to the homogeneous equation u;,. The characteristic polynomial is
r2 + 16 = 0 which has zeros r = +4i. By the solution formula,

up = Ccos(4t) + Dsin(4t).

Next, we determine a particular solution to the non-homogeneous equation. Our initial guess is of
the form A cos(4t) + Bsin(4t), but that is a solution to the homogeneous equation. We update the
guess to

u. = Atcos(4t) + Bt sin(4t).

Now,

u. = Acos(4t) —4Atsin(4t) + Bsin(4t) + 4Bt cos(4t)
u) = —4Asin(4t) —4Asin(4t) — 16At cos(4t) +4Bcos(4t) +4Bcos(4t) — 16Bsin(4t)

Thus

2cos(4t) = ul +16u,
= —8Asin(4r) — 16Arcos(4t) + 8Bcos(4t) — 16Bsin(4r)
+16 (At cos(4t) + Bt sin(4t))
= —8Asin(4t) + 8Bcos(4t),

soA=0and B= }1. The full solution is therefore
1
u = Ccos(4t) + Dsin(4t) + 2! sin(4t).
Finally, we use the initial conditions to determine C and D: Clearly —2 = u(0) = C, and

1
1 =u'(0) = 8sin(4t) +4Dcos(4t) + 1 sin(4t) +rcos(4t)| =4D,
t=0




Math 307G, Winter 2013 Final Exam: Solutions Page 3 of 6

soD = %. We conclude that

1 1
u= —2cos(4t)+ 2 sin(4t) + 2! sin(41).

3. (O total points) An electrical circuit contains a resistor of 1€ and a capacitor. Its capacitance is
varied over time and equals (1 +cos(¢))~' F after t seconds. A generator impresses a voltage of
E(t) = e 5" V after r seconds. Assume the initial charge in the circuit is 5 C.

(a) (4 points) Determine the charge at any time ¢t > 0.

The charge Q satisfies

1 / —sin(t
WQ:Q +(1—|—COS(I))Q:€ (), Q(O):S.

Q'+
To solve it, multiply by an integrating factor L,
Q1+ Q(1 +cos(t))u = e "y

so U has to satisfy u’ = u (14 cos(t)). Thus

log(u):/%:/1+c0s(1)dt:t+sin(1),

t+sin(r)

and one solution is 4 = e . Therefore,

<Qet+sin(t)>/ _ Q/et—i-sin(t) + Q(l +COS(t))€t+Sin(l) — e sin(t)et—i-sin(t) — .

Integrating yields
Qet+sin(z) _ /etdt —¢ +C.
Evaluate this equation at zero to deduce

5=000)1=1+C=C=4,

and
0= e—sin(t) +4e—t—sint‘

(b) (1 point) Determine the limit as t — oo of the ratio of the charge and the impressed voltage.

t —sin(t) 4 gp—t—sint
im 20 _ i tae — lim1+4e ' = 1.

1= E(t) 1o e—sin(t) 300

4. (7 points) An electrical circuit is described by the equation

Q"+0=E
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where Q is the charge and E is the impressed voltage. Suppose that the circuit is initially closed, ie.
Q(0) = 0'(0) = 0, and that a generator impressing a voltage of E = 5¢ ' sin(¢) V is connected to the
circuit at time ¢ = 7. Use the Laplace transform to determine the charge at any time ¢t > 0. Hint: All
the identities you need are on the note sheet.

The impressed voltage is

so the charge satisfies
Q"+ Q = 5Hze 'sin(1), 0(0)=0, Q'(0)=0.
Apply the Laplace transform to deduce
Z1Q"+0] =5*210] - 50(0) - 0(0) +.£10] = (s +1).£[0).
Since e = e Fe~ ("™ and sin(t) = —sin(t — ), we get
£ [HzS5e 'sin(r)] = —5¢ & [Hne*(t*”) sin(z — 77:)}

= —5¢ "L [Hy (e 'sin(r)) ]
= —Se Te ™ Le " sin(t))

—T _—TS 1
= —Se e G+D2+1
Thus 1
ZL[0] = —5¢ Te” ((s+1)2+1)(s2+1)
and
0 = 2" [—56‘16_’” 1 }
(s+ 12+ 1)(s+1)
-7 —T —7s !
= S5 "¥ [8 (s2+2s+2)(sz+1>}

To determine this inverse Laplace transform, we compute the partial fraction decomposition:

1 As+B Cs+D

(s24+2s+2)(s2+1) s2+2s—|—2+ 5241

Thus

1 = (As+B)(s>+ 1)+ (Cs+D)(s> +25+2)
(A+C)s® + (B4+2C+D)s* + (A+2C+2D)s+ (B+2D)

sOA+C=0,B+2C+D=0,A+42C+2D =0, and B+ 2D = 1. The first equation implies
A = —C, so the third equation can be written as C = —2D. Plug this into the second equation to




Math 307G, Winter 2013 Final Exam: Solutions Page 5 of 6
deduce B = 3D. This and the fourth equation imply D = 5, soC = —% B = %, and A = % Thus
0 = —5¢"H, 2! !
g (s2+2s+2)(s>+1)] ) ,
2..3 2.1
_S+ = __s+ =

— 507y [ 1| 3275 55153

¢ Hn ( s2425+2  s2+1 i

_ 2 s+ 1 | 1 2 s

= Se"Hy |z | ——— |42 | ———— | -Z2!

¢ ”(5 {(s+1)2+1}+5 {(s+1)2+1} 5 241

1 1

— !

'3 LZ + 1} ) x
= —5¢ "H, %e_’ cos(t) + 1e_t sin(t) — %cos(t) + ! sin(t)
5 5 5 5 ;
gy (2 —(-n) | 2 .
= —5¢ "Hj 3¢ cos(r—ﬁ)—f—ge sin(t — ) — gcos(t—ﬂ)—kgsm(t—ﬂ)
This can be simplified to
Q = Hy (2¢ " cos(r) + e ' sin(t) — 2¢~ " cos(t) + e~ "sin(r)) .

5. (5 total points)

(a) (3 points) A ball with mass m is dropped (i.e. with zero initial velocity) from the roof of a
building. Assume that the force due to air resistance is proportional to the square of its velocity
where the velocity is measured in m/s. Determine the velocity of the ball for all sufficiently small
times ¢ > 0 (i.e. you do not need to worry about what happens after the ball hits the ground).
You need to mention if you take the downward direction to be the positive or negative direction;

either choice is fine.

the velocity of the ball satisfies

This equation is separable, so

and using the table of integrals,

t+C= [ dr= /
* / mg — kv2

Using the initial condition yields

We’ll assume that downward is the positive direction. By Newton’s second law of motion,
dv
—=F= kv? 0)=0.
m— mg—kv=, v(0)
———dv=dt
mg — kv? v ’
/ om 1 i v
— n
K k 2/% v+
1
c=-2 In|—1| =
k 2 /%
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Thus

_mg
v k

t=— = \/%v_
kz / kg kv—h/_

Finally, we solve for v:

\/7 \/_+\/§v S 2 ko mg+kv
kg g — kv mg — kv

= <\/nTg—\/l;v> \/: Vmg +Vkv
= —\/l;vez\/%t—\//; Z—\/nTgez\/%t‘i‘\/m_g

k

N m eV mE 1
V=4 —g———eo—.
ng k

e m

gt_|_1

_\/En Vkv+./mg
kg | Vkv—mg|

(b) (1 point) Assume the situation in part (a) except that the ball is dropped from an airplane.
Since the ball is dropped from a considerable height, we need to assume that the resistance
force depends not only on air resistance, but also on air pressure. Assume that the resistance is
proportional to the product of air resistance and air pressure. Also, assume that the air pressure
varies exponentially with the altitude. You can assume that the force by gravity is independent
of the altitude of the ball. Set up a differential equation which describes the motion. Note: A
quantity x varies exponentially if it is proportional to e~ ** for some a > 0.

The motion is described by

v 2 —as
m— =mg—kve .
a8

To get a differential equation, we need to write it in terms of the altitude s, so
d%s ds?

dz—mg kd—e

as

(c) (1 point) Show that the velocity of the object satisfies a first-order differential equation. Hint:
Proceed to solve the differential equation you set up in (b). The result will pop out mid-way.

This differential equation is of the type s” = f(s,s"), so we can apply the change of variables

dv _ dvds __
& = dsar = 4V Then
dv
md—v =mg — kv?e

That is the required first order differential equation.

—das




