1. (10 pts) Find the explicit solution to 3’ = 10e¥z sin(z?) with y(0) = 0.
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2. (10 pts) One solution to t*y” — 6y = 0 is y1(¢) = ¢*. Use reduction of order to find the general
explicit solution.
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3. (15 pts) The two parts below are NOT related.

(a) A home buyer gets a 30-year home loan for $300,000 at 5% annual interest compounded
continuously. Assume the buyer pays K dollars each month (so 12K dollars each year),
where K is a constant. Let y(¢) be the balance of the loan after ¢ years. As we did in class
and in homework, model this situation by assuming the rate of change of the balance is equal
to the yearly interest minus the yearly payments (where yearly interest is proportional to the
balance with proportionality constant r = 0.05).

Give the differential equatzon and the two initial conditions. DO NOT SOLVE, just set up.
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(b) The Logistic equation is the differential equation % dt = ry (1 - Ly), where r and K are

positive constants. Solutions to this equation have been used to accurately model the size of
some populations. (Your answers below might involved 7 and/or K)

i. Find and classify all equilibrium solutions for the Logistic equation as stable, semistable,
or unstable.
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ii. If y = y(t) is the solution to the Logistic equation that also satisfies y(0) = yp with

0 < yo < K, then what is lim y(¢)?
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4. (12 pts) A 16 liter vat initially contains 1 liter of pure water (no salt). Salt water containing 20
grams/liter of salt enters the vat at 3 liters/minute. The vat is well mixed and the mixture leaves
» the vat through a hole in the bottom at a constant rate of 1 liter/minute.
Let y(t) be the amount of salt in the vat at time ¢ minutes.
d
The differential equation is RN S with y(0) = B, where A and B are constants you

dt 1+2¢
should know from the description.

(a) From the. desgxlptlon,_:&hat are the values of A and B?
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(b) At the instant When the vat becomes full, how much salt will be in it? 20 kq ofcalt
(First, solve the linear differential equation). «
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5. (17 pts) For all parts below, the mass-spring system satisfies u” + yu/ + 4u = 0, where vy is the
damping constant. Distances are in inches and time is in seconds.

(a) Assume there is no damping and «(0) = 1 inches and +/(0) = 6 inches/second.
Give the largest value of u(t). (Hint: First solve; your answer will be in inches)

¥=z0 = r*+4d=c = r==+xlt

W= e or[28) *CySiaf2k) wio=\ = 4 =|

o o A
M!:;—?,c{.c:\(xa(-)-}?_cmmf{w) w(o)ré:.,) 20,26 3¢,27

B —_, |

ﬁa ’m&efl

(b) Assume there is no damping and the mass is set in motion. How long does it take for the
mass to go from its lowest point back to its lowest point again?
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() If the system is critically damped, give the general explicit solution.
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(d) If v = +/7 Ibs/(in/sec), give the general explicit solution.
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6. (12 pts) Give the general explicit solution to 3" + 3’ — 2y = 4¢ — 30sin(t).
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7. (12 pts)
(a) Give the Laplace transformation of f(t) = t* + ™™ + (£ + 4)ug(t)
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- (12 pts) You make a cup of tea with an initial temperature of 200°F, which is too hot. You place
it in a 30°F freezer for 0.2 hours (12 minutes), then take it out and set it on a table where room
+ temperature is 70°F. Assume Newton’s law of cooling with a cooling constant of k = 1, we get

30 ,0<5t<0.2

dy =
=t =~ W —us(t)), where y,(t) = { 70 ,1>03,

where y = y(£) is the temperature of the tea after ¢ hours.
Using Laplace transforms, solve for the function y(¢) and
give the temperature of the tea 20 minutes (¢t = 1/3 hours) after you made it, to the nearest degree.
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